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Abstract. We investigate the numerical approximation of solutions to some variational in-
equalities modeling the humid atmosphere when the saturation of water vapor in the air is taken
into account. In order to overcome the difficulties caused by the constraints on the humidity ¢
(0 < ¢ <1) and the discontinuity in the variational inequalities, we construct a penalized and reg-
ularized implicit Euler method. We manage to show that the approximation functions associated
with the numerical scheme converge to the solutions of the variational inequalities through deriving
various delicate a priori estimates and by using compactness arguments.
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1. Introduction. It is known that our lack of understanding of the physics of
the clouds is a major cause of uncertainty in current weather predictions. Therefore,
the investigation of the humid atmosphere is an important step towards a better
understanding of weather predictions in a short time period and climate changes in
a long time period. The primitive equations are the classical tool used in the study
of climate and weather predictions; they describe the motion of the atmosphere when
the hydrostatic assumption is enforced (see [17, 18, 22]). The rigorous mathematical
theory of the equations of the humid atmosphere has been initiated in [21] and has
attracted the attention of a number of practitioners from different fields; see, e.g.,
[3, 8, 11, 13, 14, 23, 24] and the references therein.

The original primitive equations of the atmosphere are a system of nonlinear
partial differential equations on the temperature variable T', vapor humidity ¢, and
the velocity field u, which are all unknown functions of the spatial and temporal
variables. The studies of the humid atmosphere in, e.g., [21] and, more recently,
[15, 16] do not account for an important phenomenon, namely the saturation of water
vapor in the air, so that the equation for the vapor humidity ¢ appears as a simple
transport equation. The equations for the saturated atmosphere appear, for example,
in [17, 18, 25]. They involve T, ¢, and u and the saturation concentration ¢s. In the
first studies [1, 4, 28] the saturation concentration ¢, is assumed to be constant. In
[1, 4, 28] the velocity is supposed to be given, and the system only involves T' and
g, and in [5] the velocity u is also unknown. These articles provide a formulation of
the equations of the humid atmosphere which involve thresholds (condensation and
evaporation) and are thus nonlinear and noncontinuous (and nonmonotone). They
also provide results of existence, uniqueness, and regularity of solutions.
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In trying to extend the study to the case where g5 is not constant [29], it was
found that the equations of the humid atmosphere in [17, 18, 25] are not coherent in
the extreme cases where ¢ = 0 and ¢ = 1 (0 < ¢ < 1 by definition of ¢), whether g is
constant or not; ¢ = 0 corresponds to a totally dry atmosphere, and ¢ = 1 corresponds
to a totally humid atmosphere. A physically satisfactory resolution of this difficulty
is proposed in [29] and studied mathematically in [31]; namely, the equation for ¢
is replaced by a variational inequality. The natural convex set for this problem is
H' (M) xK, T € HM),qe K={Ge H(M),0 <G <1ae.}. The utilization of
variational inequalities for the study of unilateral problems in mechanics and physics
is the object of a vast literature; see, e.g., [2, 9, 19].

Our aim in this article is to study the numerical approximation of the variational
inequalities introduced in [29, 31], for simplicity in the case where g5 is constant;
the case where ¢, is not constant will be addressed elsewhere [30], but it does not
induce major additional mathematical difficulties. In the current paper, we shall
follow the former works (see [1, 4, 28]) and assume, for the sake of simplicity, that the
velocity u of the humid air is known. We believe that despite these simplifications,
the resulting system contains the essence of the nonlinearity that is present in the
moist advection. See section 2 for a more precise presentation of the model under
investigation. The existence of change in phases leads to the introduction of a set-
valued Heaviside function. More equations containing the Heaviside function can be
found in, e.g., [6, 7, 10, 12]. The introduction of such a set-valued function makes the
equations for the vapor humidity ¢ and temperature T nonlinear, discontinuous, and
nonmonotone.

We address in the current paper the numerical approximation of the solutions
to the variational inequalities derived from the humidity equations or the primitive
equations. As we have pointed out in the previous paragraph, the problems we study
here contain discontinuities and involve inequalities. They are the two distinct features
of the model that we study. The discontinuities and variational inequalities which
come from the changes of phases and the extreme cases for the vapor concentration
bring significant mathematical difficulties to the understanding of the model. In the
current work, we propose an implicit Euler scheme to approach the solutions to the
system. However, we cannot simply proceed from this scheme directly as usual due
to the difficulties induced from the discontinuities and physical requirement for the
vapor concentration g. More precisely, we have to introduce a regularized version of
the scheme to overcome the difficulties caused by the discontinuities in the model.
Meanwhile, the unknown function ¢ should satisfy the range condition 0 < ¢ <1 a.e.
in the underlying domain which is denoted by M below. As the initial discretization in
the usual Euler scheme cannot guarantee that the functions we recursively define obey
this range condition, we have used a penalization technique in the regularized Euler
scheme to achieve this range condition in the limit through delicate energy estimates.
In summary, we discretize the variational inequality using an implicit Euler scheme,
and we use penalization and regularization to show the existence of solutions to the
Fuler scheme. Then to prove convergence of the Euler scheme, we classically need
some strong convergence results which follow from additional a priori estimates on
the discretized Euler scheme. Obtaining a priori estimates for the time derivatives
of solutions to evolutionary inequalities was stated as an important open problem in
[20]. Though this problem has been solved in the general setting in [2], the abstract
setting of [2] does not directly apply in our current setting, and we directly obtain
the desired estimates by a delicate analysis of the penalized terms. Our main result
is Theorem 4.4.
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The rest of the article is organized as follows. In section 2, we give a precise
formulation of the problem. In section 3, we introduce the Euler scheme and de-
rive various uniform estimates for the functions associated with the penalized and
regularized scheme. In section 4, we investigate the convergence of the Euler scheme.

2. The exact problem: Formulation and setting.

2.1. Formulation of the exact problem. Let M = M’X (po,p1), where M’ C
R2, be a bounded domain with smooth boundary, and let pg, p1 be two positive num-
bers such that py < p1. A typical point in M is (x,y,p); u := (v(z,y,p,t), w(z,y,p,t))
€ R? is a given datum which is the velocity of the fluid; V = (0,,9,) and A = 97 + 92
are the horizontal gradient and horizontal Laplace operators, respectively. The un-
known in our problem will be g, the specific humidity, and T, the temperature. We
denote by ¢s the saturation specific humidity which does not depend on the time
variable t. The boundary OM of the domain M is decomposed as OM =T; U, UT,
corresponding, respectively, to the bottom, top, and lateral boundaries of M.

Let ¢t; > 0 be a fixed constant, and let X be the nonempty closed convex set in
HY(M) defined as K = {g € H'(M);0 < ¢ <1 a.e.}. Our problem is formulated as
follows:

Find T : (0,t1) = HY(M), q: (0,¢1) = K, and hy € H(q — gs) such that for any
¢® € K and t € (0,t1), there hold

Rw 1

P

1 _
(2.2) (04, - q) + (Aqq + v - Vg + wipg, P q) > ( — ];w heF(T), P q),

with the boundary and initial conditions
T =a(ly—T), Opqg=P(gs —q) onT';;0,T =0, 0pqg =0 on I'y;
(2.3) 0T =0, 0,9 =0 on I';, where n is the outward normal vector to I';
T(.’E, Y, D, O) = TO(J?, y;p)7 q(xa Y, z, 0) = qo(xv yvp)

In the above, H is the set-valued Heaviside function H(-) such that #(0) = [0, 1]. We
decompose a function as f = fT — f~, where f := max{f,0} and f~ = max{—f, 0}.
Throughout the paper, we shall assume the boundary data T, and ¢, to satisfy

(2.4) T.,q. € L?(0,t; L*(T;)).

Naturally, we shall assume gy € H*(M), qo € K, and 0 < g, < 1. The operators Ar
and A, are defined as

25)  Ar=—mA - [ (Z2)0,), A, = —mi -, ( (22) 0

: T ="M —No rT) ) q = —H2R — 120p rT) 7 )
where u;,v;, g, R, ¢, are positive constants, T = T(p) is the average temperature over
the isobar with pressure p, and we assume that

(26) T.<T(p)<T*, 18,T(p)| <M for some positive constants T, T, M.
The functions F' and ¢, both from R! to R, are defined as (see [17, 18, 25])

BUE) —altol it 1(0) = 1 - eats 9(0) = SLQOFQ).

(2.7) F(Q) = quchv@ + ¢sL(¢) ”
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Above, ¢1,¢2, R, Ry, R, are all strictly positive constants; see, e.g., [4, 17, 18, 25] for
more details on these constants.

It is easy to see that the rational function F' is bounded and globally Lipschitz
on R!, ie.,

(2.8) [F(Q)] < C < +oo, |F(G) = F(@)I <ClG1— G| V(G ¢ eRh

The function ¢ is also globally Lipschitz:

‘@(Cl) - QD(CZN S CKl - CQ‘ VC1,<2 € Rl.

In addition, ¢(0) = 0. Therefore, the Lipschitz function ¢ has a sublinear estimate
p(Q)] < C[¢] for any ¢ € RL.

2.2. Functional formulation. We denote as usual H = L2(M), V = HY(M).
We use (+,-)rz (regarded the same as (-,-)gy) and | - |2 to denote the usual scalar
product and induced norm in H. In the space V, we will use ((+,-)) and || - || to denote
the scalar product adapted to the problem under investigation,

((9.6)) = (Ve V) + Oy, Opd) + /F o,

and the corresponding norm. The symbol (-, -} will denote the duality pairing between
a Banach space F and its dual space E*. Associated with the Navier—Stokes equations,
we also use the following standard notation:

H={ueHxHxH|divu=0and u-n=0on M},
V={ueVxVxV|diva=0and u-n=0ondM},

which will serve as the natural function space for the vector field u.
For T,T", q,q" € V, we see through integration by parts and using the Neumann
boundary conditions that

2
<ATT, Tb> = (ZT(T, Tb) — 1/10[/ <ng%,) T*Tb d].—‘l,

I;

(2.9)
(Ag0,¢") = aqlq, ¢ *Vzﬂ/ (gp1> q.q" dT;,

where the bilinear forms ar (T, T?), a,(g,¢®) are defined by

(2.10)

2
ar (T, T :m(VT,VT”)H+V1/ (R ) 8,TO,T" dAM + 11 a/ (%’%) TT" dr;,
(2.11)

2
aq(q,q") = p2(Vq, Vg )H+VQ/ (é?) 9pq0,q" d/\/l+1/2ﬂ/ <gp1) qq” dT;.
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We also set U := (T, q), U’ := (T?, ¢*) and define

(2.12) a(U,U%) == ar(T,T) + aq(q,q").
(2.13) b(u,U,U") := br(u, T, T°) + by(u, ¢, ¢"),
br(u,T, Tb) = / (v VT + wapT)Tb dM and by(u, g, qb) = / (v-Vg+ w&‘pq)qb dM,
M M
7T
(2.14) d(w, T, T = / ROTT 1\,
M CpP
(2.15)

2 2
gP1 9gp1
WU) = 1r(T") +14(¢") = Vla/ri <RT> T.T"dr; + vo3 /F (RT> g.q" dT;.

We then introduce the operators associated with these forms, namely, Ap, A4:
Ap, Ay 'V — V* defined by

(2.16) (Aru,v) = ar(u,v), (Aqu,v) :=aq(u,v), Vu,veV.

Similarly, we define B(u,U) = (Br(u,U), By(u,q)) : V x VZ — (V*)? (with
V2=V xV, (V)2 =V*xV*)and D(u,u) : Hx V — V' by setting

(2.17) (B(u,U),U° = (br(u,T,T"),by(u,q,¢")) YueV,UU"eV?
and
(2.18) (D(u,u),v) :==dw,u,v) YueHuveV.

These are all bounded operators in the corresponding spaces, and we have, due
to the divergence-free condition on u, that

(2.19) br(u,T,T) =0, by(u,q,q) =0

for any T,q € V.
The following estimate is easy.

LEMMA 2.1 (boundedness of the functionals). Assume U,U® € V? and u € V.
There exist universal positive constants X and K;, 1 <1 < 6, such that

(2.20)
lar(T,T°)| < Ki|TIT, ar(T,T) > AT lag(a; ¢")| < Kallalllla[l; aq(a,a) > Algl*;

(2.21)
1 1
I (T%)| < Ks||T°|l, |lg(¢")] < Kallg"[l; [b(u, U, U")| < Ks|ullv|U|Z|1U|2|U°];
(2.22) |d(w, T, T")| < Kole|p2|T| L IITI 1T |1 T2
2.3. Formulation of the problem and definition of solutions. Let (Tp, qo) €
H x H be such that 0 < gy <1 a.e. in M, and let t; > 0 be fixed. The weak formu-
lation of problem (2.1)—(2.8) proposed in [31] is as follows:

Find a vector U = (T,q) € L%(0,t;V x V)N C([0,t1]; H x H) with (0;T, dq) €
L2(0,t1; V* x V*) such that, for almost every t € [0,;] and for every (T?,¢%) € V x K,
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we have

(2.23)

(0,T, T + ap(T, T") + br(n, T, T%) — d(w, T, T®) — I7:(T") = (;w_(t)hqw(T), Tb>7
(2.24)

1
(004,0" — @) + aq(¢,0" — @) + bg(u,¢,¢" — @) — lg(¢" — q) > ( — 5w*(t)th(T), ¢’ - q)

for some hq € H(g — g5) and
(2.25) Uo = (10, q0)-

The existence of solutions to (2.23)—(2.25) was obtained in [31].
3. Time discretization—the Euler scheme.

3.1. Time discretization. We assume that the velocity field u is given, is time-
dependent, and satisfies u € L"(0,¢1; V) N L*(0,¢1; H) for some given r € (4, 4+o00].

Let N be an integer which will later go to +o0, and set At := k = ¢t;/N. We
will define recursively a family of elements of V' x K, say (T™,¢™), m =0,1,..., N,
where (T, ¢™) is intended to be an approximation of (7', ¢) at time mAt.

First, we define u™, w™ form=1,...,N:
1 mk 1 mk
(3.1) u” = 7/ u(t)dt, w™= 7/ wdt.
k (m—-1)k k (m—1)k

From the definition of u™, we observe that it inherits the divergence-free property of
u, and also

mk
(3.2)  [u|p = ’i/( u(t) dt

1 mk
< 7/ |u(t)’L2 dt < [ulpe0,t,;m)-
m—1)k (

L2 k m—1)k

We begin with (T°, ¢") := (Tp, o), i-e., the given initial datum, and when (79, ¢°),

(T qY), ..., (T™ 1 g™~ 1) are known, T™ € V and ¢™ € K are determined by
Tm_Tmil b m b m m b m pm—1 b b
T’T +ap(T™,T°) + bp (@™, T™,T°) — d(W™, T 1, T°) — Ip(T°)

1 mi— m—1 b
= | W™ hgme(T™ ), T7 ),
p

(3.4)
qm_qm—l b m m b m m _m _b m b m
<k7q —q >+aq(q ¢ —q") + b0, ¢ " = q") = ly(¢" —q™)

1
> (_ ;[wm]_thF(Tm_l), qb _ qm)

for some hgm € H(Q™ — gs), where Q™ is either ¢™~! or ¢™.
To prove the existence of a solution to (3.3)—(3.4), we proceed by approximation.
Let € = (e1,€2) and g; > 0 small for i = 1,2. For g5 > 0, we define the regularization
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H., of H(-) : R — [0,1]: equal to 0 for » > 0, equal to 1 for r > &3, and linear
continuous between 0 and es.

To show the existence of a solution (T™,¢™) to (3.3), (3.4), we consider the
following associated regularized and penalized problem:

Find T, q* € V such that

(3.5)
TsmiTernil b m b m m b m pm—1 b b
T ) ar (T )+ by (0 T T — (W T T — 1 (1)

1
= (ST HAQ2 — e 1),
(3.6)
@ =g, moBY b (0™ o™ o) — L (g
@) tag(e @) +bg(u™a,¢7) — Ug(a7)
1 mi1— b 1 m + b 1 mi— m m—1 b
= 7[Q6] »q - 7[q€ _1] ydq - 7[["'} ] HEQ(QE _qS)F(TE )5q
€1 €1 p

for all T®,¢* € V.

Remark 3.1. In the discretization, we have made the term —d(w™, T/~ 1, T?)
explicit by using 7! instead of T'™. This will make the following steps of the proof
simpler.

Remark 3.2. We will consider two choices for Q™: either Q™ = ¢! or Q™ =
g*. We call the corresponding schemes Scheme A and Scheme B.

3.2. Existence of (T™,ql"). Depending on the choices of Q" in our scheme
(3.5)—(3.6) as specified in Remark 3.2, we will consider the following two schemes:
Scheme A and Scheme B.

Scheme A: Q™ = ¢™~1. We notice that the factor H_,(-) is known when we
proceed to obtain 7" and ¢™ once T/"~! and ¢! are achieved. We have the
following lemma concerning the existence of the iteration sequence (T77,¢l") for m =

1,2,3,..., given the initial datum.

LEMMA 3.3. Let e1,e9 be arbitrary but fixed positive constants, N be an arbitrary
fized integer, and k = %, 1 < m < N. Given (T/"7',q"') and Q" = ¢, the
variational equalities (3.5)—(3.6) on (T, ¢") admit at least one solution.

Scheme B: Q" = ¢". We note that unlike Scheme A, the factor H,(-) is
not known when we proceed to obtain T/™ and ¢ even though 7"~1 and ¢™~!
are known. We have the following lemma concerning the existence of the iteration
sequence (T2, ¢™) for m = 1,2,3,..., given the initial datum. Its proof is essentially
the same as that of Theorem I-1.2 of [27] by the Galerkin method. See also [20, 26]. For
Lemma 3.4 (and it would be similar for Lemma 3.3) we give only the main coercivity

estimate used in the Galerkin construction.

LEMMA 3.4. Let €1,€e9 be arbitrary but fixed positive constants, N be an arbitrary
fized integer, and k =, 1 < m < N. Given (T;"~*, ¢ "), the variational equalities
(3.5)—(3.6) on (T2, q) with QT = ¢ admit at least one solution.

Sketch of proof of Lemma 3.4. Let U = (T, ¢), U= (Tt g 1), and U =

€

(T?,¢%). Then the variational inequalities (3.5)—(3.6) with Q™ = ¢™ can be written
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<g Ub> + a(U,U°) + b(u™, U, U®)

(Foa) 4 (S unat) - awn 2T i)
(1 Hesta - 0o, 1) + (S Hata - aor. o) = (50%).
To proceed, we define (P(U), U?) as

(P(U),U% = <Z Ub> +a(U,U%) + b(u™, U, U®) - (;lq—,qb)

(3.8) +(1[q - 1]+,qb) (W™ T T — (U (merﬂw (g- qsw(T),Tb)

= »
+ (e Heta - wr@.e) - (S00).
Therefore, we have
(P(U),U) = <ZU> + a(U,U) + b(u™, U, U) — (;q,q>
39+l 1) — e 2.1 —10) - () el - e,
+ (B Aot - 0 Fi00) - (L0

First, we observe that

1 1 _ _ 1, _
(3.10) —(q ,q):—(q at—q )ZEIM 2220

€1 €1
and
(Zla-1a) = (Zlo- 1o 11~ la =11 +1)
(3.11) ! ) ! .
S A T ([q—lm) >0
€1 €1

Second, we notice that the term

—d(w™, T, T) — 1(U) - (;[wm}ﬂ& (a- qs>so<f>,T)

- -(30)

is linear continuous in U for U € V2. Thelrefore~7 its absolute value can be bounded
by ||U|| up to a constant depending on w™ and T
Finally, noticing that b(u™,U,U) = 0, we have

1
(P(U),U) = 2|U[L: + AIU1* = U],

which yields immediately the desired coercivity estimate. 0
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3.3. A priori estimates for (T, q™). We aim to obtain a priori estimates
on (T, ¢7) independent of k and ¢ for the regularized and penalized problem (3.5)-
(3.6), which contains two schemes, Scheme A and Scheme B, according to different
choices of Q7.

For notational convenience, we will suppress in this subsection the dependence on
¢ in the expressions of (T, ¢™), (I, g™~ 1), and Q™ in (3.5)—(3.6).

LEMMA 3.5. We have the estimates concerning the U™ = (T™, ¢™):

U712, <C V1<j<N;

3.12 N N
(8.12) dMjum—unTlR. <0 kYU <C.

m=1

Remark 3.6. Here and below C' denotes a finite constant depending on the data
but independent of € and k; the constant C' may be different at different places.

To show Lemma 3.5, we begin with the following lemma.

LEMMA 3.7. Foreachm =1,2,..., N, T™ and q™ satisfy the following relations:

(3.13)
T3 = [T R [T = T+ AT P < CR(Je™ 2T B + 1),
(B19) " — 0" e+ g™ — g e+ Rl < CR(l™ 3 + 1),

where C' is a constant, independent of € and k.
Proof. Replacing T? by 2kT™ in (3.5), we find
(3.15)
2T™ — T™ 1 T™) 4 2kap(T™, T™) + 2kbp(u™, T™,T™)

= 2kd(w™, T™ 1, T™) 4 2kl (T™) + 2k (1[wm]_H€2 (Q™ — q5)p(T™ 1), T’").

p

By elementary calculation using (2.19)—(2.22), and arguments similar to those used
in the proof of Lemma 3.4, we arrive at

(3.16) |T™ |20 — [T Y2, +|T™ —T™ 12, + ENT™|? < CE([|w™|?|T™ 12, +1).
Similarly, we infer from (3.6) that

2(¢™ — ¢, q"™) + 2kag (¢, q™) + 2kby (W™, ¢ q™) — 2kly(q™)

(3.17) = 2k(;[qm]‘,q ) - 2k(61 +,qm>
2k (S (@ — g P, ).

By elementary calculation and using again (3.10), (3.11), we arrive at

g™ 72 = lg" ie + g™ — a7 e + RAg™ ) < Ch(lw™ (72 +1).
The proof of Lemma 3.7 is complete. O

Due to the term [w™||*|T™ |3, appearing in the right-hand side of (3.13), w
will need the following version of the discrete Gronwall lemma (see, e.g., [32]).
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LEMMA 3.8 (discrete Gronwall lemma). Let 6 be any positive constant and Ny > 1
be an integer. Suppose the three nonnegative number sequences (X,,), (Yin), and (Z,,)
form =0,1,2,..., Ny satisfy the following relation:

X < X1 (L+0Y,,) +02,,.
Then form =1,2,3,..., Ny, the following estimates hold:
m—1 m—1 m—1
(3.18) X, < Xgexp ( Z 9Yi+1> + Z 0Z; exp ( Z 9Yj+1> +60Z,.
i=0 i=1 j=i

Proof of Lemma 3.5. If we identify X,, = |T™|3,, Y, = Cllw™|]?, Z,, = C, and
0 =k, (3.13) is written as

(3.19) X < Xpno1 (14 0Yy,) + 0Z,,

and
m—1 m—1 ) N—-1 )

(320) 3 0V = S RO <O Bt < Clula ),
=0 =0 =0

where the last inequality above follows from the triangle inequality and Holder’s
inequality. By Lemma 3.8 and recalling that Nk = ¢; and k£ < ¢;, we find for
m=1,2,...,N,

(3.21)

|T™ 2. < |Tp|2. exp(C|w|2L2(O’tl;V)) + CNkeXp(C|w|%2(O’tl;v)) + Ck < C(Uy,w, t1).

With the above bound, we obtain from (3.13) that
[T [5e = T L + [T = T™ 7 Le + EAT™ | < C (U, w, ta)kl|w™ | + Ck.

Summing these inequalities in m from 1 to N, we obtain

N N N
TN Ze | TolZa+ Y [T =T™ FatkA Y IT™|° < C(Un,w,t1) Y kllw™|*+CNE,

m=1 m=1 m=1
which implies
N N N
TN T =T 3o +kA D IT™? < C(Un,w,t1) Y kllw™|*+CNk+[To[3 .
m=1 m=1 m=1

Again, the right-hand side can be bounded by C(Up,w,t) since S0 _ kljw™ |2 <
|w|2L2(0’t1;V) as in (3.2).

The estimates for ¢" are more direct. Summing the inequalities (3.14) in m from
1 to j for any j < N and dropping some positive terms, we obtain

J
(3.22) 712 — laol2e < 37 Ch(lw™ 22 +1) < Clao,w, ).
m=1
Therefore,
(323) |qj|%2 < |QO|%2 + C(QO,w,tl) < C(QO,W,t1)~
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Now, we sum the inequalities (3.14) in m from 1 to N, and we obtain

N N N
g7 = laol7e + Y la™ —¢™ iz + kY Mg < C D k(lw™7a + 1),
m=1

m=1 m=1

which implies

N N
Z |qm _ qm—l %2 +k Z )\||qm||2 < C(qo,w7t1).
m=1 m=1
The proof of Lemma 3.5 is complete. O

Next, we will seek an a priori bound for the norm & _ || UW%W |%., which

will be used later in the compactness argument. We have the following lemma.

LEMMA 3.9. For any €1 > 0 and any 9 > 0, the inequality

(3.24) ke zNj

m=1

2

S C(ua U07t1) < 400
V*

U™ — Um—l
k

holds for some constant C(u,Up,t1) depending on Uy, u,ty, but not on € and k.

The main point of Lemma 3.9 is that the bound is independent of € = (g1, 2)
and k. As g9 comes into play through the regularization function H., and H., is
bounded by 1, it is easy to obtain the bound independent of €5. Therefore, the main
issue here is to control the penalization terms which contain a blowup factor é in the
limit process e — (0+,0+). This is done in Lemmas 3.10 and 3.11.

LEMMA 3.10. The following bound holds:

N

(3.25) >

m=1

2

< Clwliz(0.0,.m)-
L2

lg"]~
€1

Proof. We set ¢® = [¢™]~ € V in (3.6) and find

m _ . ,m—1
(2T T )+ anla™ )+ b )~ ()

(3.26) — (ST ) - (Sl - uner)

When ¢™ > 0, notice that —(2X[¢™ — 1]*,[¢™]7) = 0.

€1

By linearity and (2.19), we have

bg(u™, g™, [q™]7) = bg(u™, [¢"]" = [¢™] 7, [a™] ")
.27
20 = by, [g [ g7]) b 7] [47]) = 0
By linearity and coercivity, we have
(3.28) aq(q™, [q"]7) = aq([a™]", [¢"]7) — aq(la™] 7, [¢™]7) < 0.
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n (3.27) and (3.28), we have used the fact that

because [¢"]T vanishes on the support of [¢™] .

By the specific form of the functional {,, we have I,([¢g"]") > 0, and by Hélder’s
inequality, we have

320 |- (S L@ - ) FE )| < Gl e

In view of the above relations, we infer from (3.26) that

1 - " =gt ml)— m mi—
330 D < (TS )+ Ol

m—1

By direct calculation, writing ¢ = [¢"]" — [¢"]~ and the same for ¢ , we see that

1

(331) Ll = =5l B <o,

1=
2

Then we write

(3.32) Clw™2[[g™] ™[> < *H "7 I2s + Cerlw™ |2

From (3.30) and (3.32), we have

(339 ol e < (L5 ) + el
2e1 k

Summing in m from 1 to N and in view of (3.31), we infer from (3.33) that

N
(3:34) > sllam e <€ Z ™ 2.
m=1 1
Multiplying (3.34) by 2k, we obtain
N

Z |L2 <Ck Z o™ ‘L2 < C|W|L2(o t1;H)"

m=1 m=1
The proof of Lemma 3.10 is complete. ]

LEMMA 3.11. The following bound holds:

2

< ClwlT2(0.0,:m)-
L2

[g" —1]*

N
(3.35) kY =

m=1

The proof of Lemma 3.11 is very similar to that of Lemma 3.10. We skip the
details.
We can now turn to the proof of Lemma 3.9.
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Proof of Lemma 3.9. We estimate the duality pair (%, UY), where U® =
(T?, ¢*) € V2. By adding (3.5) and (3.6), we can write

(3.36)
‘<W_]§WUI’>‘ = ‘ —a(U™,U% — b(u™, U™, U
+(€11[q’”],qb> - <511[qm - 1]+,qb) +d(w™, T T 4+ 1(UY)
F (LB HL@ — a1 ) = (ST H Q" a) Pt

The right-hand side of (3.36) is bounded using (2.20)—(2.22) and the similar ar-
guments used in Lemma 3.10; then we obtain

CUU™| + T + Cla™ U™

um — Um—l
k

(3.37) v

1, 1, .
+ g™ ez + —lg™ = U* |2 + C,
€1 €1

where the absolute constants C' may depend on u, Uy, t1, but not on € and k.
Writing [[u™|2|U™] < [[u™||* + [|U™]?, we infer from (3.37) that

m=1 v
(3.38) " - ST
<c Z ||Um|\2+Hum||4+l+kZ I i [ty
m=1 L2 m=1 €1 L2

For the term Egzl E[lu™||* in the right-hand side of (3.38), we could control it
by the triangle inequality and Holder’s inequality as follows:

(3.39)

N N mk 4 N 1 mk 4
£ = H / < k( [ o)

2 28 O = 24

N mk mk
< lu(®)||*dt ) = lu(®)]|* dt = Jul;
S 1K ok LA(0,t1;V)"

’m

All terms in the right-hand side of (3.38) are bounded by a constant C' indepen-
dent of € and k, thanks to the previous estimates and, in particular, the estimates in
Lemmas 3.10 and 3.11. This shows that

N —12
um—_pygm 1
k _— < t .
Z A b < C(u,Up,t1) < +00
m=1
The proof of Lemma 3.9 is complete. O

3.4. Passage to the limit ¢ — (0+,0+). In this subsection, we will make
explicit the dependence of U™ on €. Let k > 0 be fixed. Our goal is to pass to the
limit € — (04, 04) in the scheme (3.5)—(3.6) with the aim of obtaining the existence
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of solutions to the time discretized scheme (3.3)—(3.4). Though the convergences in
our arguments below may be up to subsequences, we will not always specify this fact
and we also will not elaborate on the indices.

After extracting a finite number of subsequences, ¢ — 0, we infer from Lemma 3.5
that for m =1,2,..., N, there exist functions U™ € V such that as ¢ — 0+,

(3.40) U™ — U™ weakly in V and strongly in H,

since the inclusion V' C H is compact. We still use ¢ as the index for the subsequence.
By an additional extraction of subsequences,

(3.41) U(x) > U™(zx) ae., m=1,2,...,N.
Meanwhile, we have
H.,(QF — qs) — hgm weak-* in L>°(M) for m =1,2,...,N.

Concerning the limit function ¢™, the second component of U™ form = 1,2,..., N,
we know from Lemmas 3.10 and 3.11 that

N
(3.42) kD (a7 [7e + g2 = U7 [2) < Cellwliaom)-

m=1

As the real functions g+ (0) = #F are both Lipschitz functions with Lipschitz constant
1 on R, we have

a2 = [a™ 2 <1a = q™ |2, g =107 = [¢™ = 1|2 < g — ¢

Consequently, with (3.40) we have [¢"*]” — [¢™] and [¢"* — 1]T — [¢" — 1] in H.
As k > 0 is a fixed number, we can pass to the limit on ¢ in (3.42) to obtain that

N
> (™) +1la™ = 1*2) =0,
m=1

which implies

(3.43) 0<qg™<lae inM,ie,q"ek.

We now want to pass to the limit in (3.5) and (3.6). We first aim to derive the
variational inequality (3.4) by passing to the limit in (3.6).
We replace ¢® in (3.6) by ¢” —¢™ with ¢® € K and arrive at the following equation:

(3.44)

<q£” —q!

p q° - q;"> +ag(@” " — q) + bg(u™, ¢ ¢ — q) — lg(a" — ¢)

1 mi— m 1 m m
= <<€1[q8] aqbfqe > - <51[qe 1]+7qbqe>

- (;[wm]_Hez(Ql-” — g ) (T 1), ¢" — q;”)-
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Concerning the penalization terms, we have, as before, the following two inequal-
ities:
1 ml— m 1 ml— m ml—
(i -ar) = (S -1 + )
&1 €1
(3.45)

1 m]— 1 ml—
(1) + Sl Be >0
(3.46)

—(1[q;”—1]+,qb—ql-”> =—<51[Q?—1]+7—(1—qb)—[q?—1]++[9§"—1]_>

— (Sl -na-d) 2

— g =1]*[z2 > 0,
€1
where we have used the fact that 0 < ¢® < 1 since ¢* € K.
As ¢b — ¢ — ¢° — ¢™ weakly in V, we also have I,(¢" — ¢™) — 1,(¢" — ¢™).
To pass to the limit in a,(¢™, ¢* — ¢™), we use the weak convergence of ¢" in V/
and the weak lower semicontinuity property of the norm. Hence,
(3.47) lim sup a4(q", ¢ —¢™) =lim aq(glt, ¢®) — liminf aq(gl, q)
< ag(q™,q") — ag(q™ q™) = ag(¢™ ¢" — ¢™).

For the term b,(u™,¢™, ¢" — ¢™), since divu™ = 0, equation (2.19) implies that
be(u™, ¢, ¢7") = 0 and by(u™,¢™,¢™) = 0. Then by applying (2.21), we write

bg (0™, ¢, ¢" = q*) — bg(u™, ¢, " — ¢™)| = |bg(u™, 7" — ¢, ¢")|
1 1
< Clu™|vlg = ¢zl — ¢ 12 ")

Note that u™ and ¢” do not depend on e. Due to the strong convergence of ¢™ to ¢™
in H and the boundedness of ||¢I* — ¢™||, we conclude that

(3.48) bo(u™, ", q" — qI") — bg(u™, ™, ¢" — q™).

Now, we consider the term —(%[wm}*HE2 (Q™ —q)F(T/ 1), ¢° — ¢™). In view of
the convergences He, (QU" — gs) = hgm weak-* in L>°(M), U™ — U™ strongly in H,
and noticing the fact that the function F' is a globally Lipschitz function, we see, by an
additional extraction of subsequences, with (3.41) that F(U"(z)) — F(U™(x)) a.e.
Then, by the Lebesgue dominated convergence theorem, F(U") — F(U™) strongly
in H, and therefore H.,(Q™ — q5)F(T/" 1) = hgm F(T™ 1) weakly in H. Together
with the strong convergence of ¢® — ¢™ to ¢® — ¢™ in H, we obtain
(3.49)
(W @ )P =) = (S hn I o - ).
Due to the strong convergence U™ — U™ in H and the continuity of the L? inner
product, we have
(3.50)

qm _ qul qm _ qul qm _ qul
<5 ]{;8 ’qbiq;n _ € ks (qb—q’f)d/\/l% 3 ’qbiqm )
M

In view of (3.45)—(3.50), together with (3.43), we conclude, after passing to the
limit on € in (3.44), that (3.4) is satisfied.
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Second, we derive the variational equality (3.3) from (3.5) by passing to the limit
on €. The proof is similar to and easier than the one for ¢*, and we skip the details.

Summarizing the above arguments, we obtain from (3.5) through passing to the
limit on ¢ that (3.3) holds true.

It remains to show that hgm € H(Q™ — ¢s). For that purpose, we consider the
following antiderivative K., of the function H,,:

2
K., (r)=0ifr <0;= Zifre (0,e2);=1— 2ty > 3.
252 2

We easily see that both H., and K., are Lipschitz functions and that the following
inequalities hold for any 71,72 € R:

1
(3.51) [Hey(r1) = Hey(r2)] < —fr1 =12l [Key(r1) = Key (r2)] < fr1 —72].

2
By the expression of K.,, we observe that

(3.52) K., (r) — 7] < %2 for r > 0.

Consider now the functional ¢ — (K.,(g),1) from V to R. As the function K., is
a convex function on R, we know that the functional ¢ — (K,,(gq),1) is convex on
V. As the function K., is continuously differentiable, the functional ¢ — (K., (g),1)
is actually Fréchet differentiable with Fréchet derivative at g equal to H.,(q) € V*.
In particular, by considering its Gateaux derivative at the point Q7" — g5 along the
direction ¢ — Q™, we have the following inequality:

(3.53)
(ng (C]b —qs), 1) - (Kaz (Q;n - qs)a 1)
= (KEQ (Q? — Qs + qb - an)v 1) - (Kaz (an - QS)7 1) Z <H82 (Q? - QS)a qb - Q;n>

As the duality pair (H.,(Q™ — ¢s),¢" — Q™) can be realized by an L? inner product,
and in view of the two convergences H,(Q™ — ¢s) — hgm weakly-* in L>°(M) and
Q™ — Q™ strongly in H and the simple inclusion H C L*(M), we have by passing
to the limit on ¢ that

(3.54) (Hey (QF = 45),¢" = Q") = (hgm.q" = Q™) for ¢" € V.
Noticing that K.,(r) =0 for r < 0 and (3.52), we have

|(K52(qb - QS)? 1) - ([qb - q8]+7 1)’ = ’(K€2([qb - q8]+) - [qb - QS]+’ 1)’ < %|M|7
which implies
(3.55) (Key (6" —q5),1) = ([¢" —qs) T, 1) ases —0+.

To show the convergence of (K.,(Q™ — gs),1) to ([Q™ — ¢s]T, 1), we split the
difference (K., (Q™ — q5),1) — (|Q™ — qs]™, 1) as the following sum:

(K@ =00 1) = (Keal@" = 0. 1)) + ((Keal @ = 0, 1) = (1Q" = @], 1)).
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The second term in the above sum can be dealt with exactly as for (3.55). For
the first term, we have by (3.51) and the Cauchy—Schwarz inequality that

| (K (QF—05), 1) — (K, (Q™ —45), 1) | < ((QF —45)—(Q™—qs) ], 1) < VIM[|QI" Q™ |1z,

which implies, in view of the strong convergence of Q7" to Q™ in H,

(3.56) (K€2(Q;" —qs), 1) = ([Q™ —q5]T,1) ase— (0+,0+).
From (3.53)—(3.56), we conclude that
(3.57) ([e" = as]*.1) = ([Q™ = as]". 1) = (hgm,¢" — Q™),

which amounts to saying that hgm € H(Q™ — gs).
Summarizing the above arguments, we have the following lemma.

LEMMA 3.12. For each m = 1,..., N, there exists (T™,q™) € V x K which is a
solution of (3.3)—(3.4).

4. Convergence of the Euler scheme. In this section, we want to prove the
convergence of the solutions of the Euler scheme (3.3)—(3.4) to the solutions of the
system (2.23)—(2.25). We shall use the same conventions on subsequences and indices
as in the last section, that is, the limit process in this part is N — 400 or, equivalently,
k — 04 and up to subsequences.

Due to the weak lower semicontinuity property of the norms, we know that for
the limit functions U™ which now have no dependence on ¢, the bounds in Lemmas
3.5 and 3.9 are now valid with U™ replaced by the limit functions U™.

For each fixed k (or V), we associate to the elements U = Uy, UL, U2, ..., UV the
following approximate functions: Uy = (T, qx), Ux = (T, Gx), and Wi, = (T, Qx),
which are defined piecewise on [0,#;] and take values in the space V?:

(4.1) U@ =U0™ Ukt)=Um"1 forte[(m—1)kmk), m=1,2,...,N,
and Wy, is the continuous function equal to U™ at mk and linear between (m — 1)k
and mk.

4.1. A priori estimates. We start with a lemma which is essentially a rephras-
ing of the estimates in Lemmas 3.5 and 3.9 with U" replaced by U™.

LEMMA 4.1. The functions Uy, Uy, Wi remain in a bounded set of L2(0,t; V)N
L>(0,t1; H) as k — 0+. The functions O;Wj, form a bounded set in L*(0,t1; V™),
and Uy — Wy — 0 in L2(0,t1; H) strongly as k — 0+.

We continue with the following estimates.
LEMMA 4.2. For the functions Uy, Ui, Wi defined above, there holds

(4.2) | Uk — Whlr20,t1:m) < C(u, Uo, t1)Vk,
(4.3) |Ur — Uk|L2(0,t1;H) < O(u, Upt1)Vk.

Proof. The estimate (4.2) is well known and proved in, e.g., Temam [27]; the
estimate (4.3) is straightforward. |

Now we define uy, : [0,¢1] — V as follows:
(4.4) ui(t) =u™ fort e [(m—1k,mk), m=1,2,...,N.

We have the following lemma.
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LEMMA 4.3 (convergence of uy). For the functions uy defined above, there holds
(4.5) u, —>u in L"(0,t,V) ask —0+.

Proof. The map u — uy is a linear averaging transformation. By (3.2) and
reasoning similar to that in (3.39) (replacing 4 by ), we know that the map is bounded:

Wkl (0,00;v) < Ulzr(0,60;v)-

Due to the above bound, we could show the conclusion of the lemma by a density
argument. As the space C1([0,¢]; V) is dense in L"(0,¢1; V), the conclusion of Lemma
4.3 follows by considering u € C*([0,¢1]; V). O

For later use, we also define the linear averaging map for the test functions U =
(T% q*) € L%(0,t1;V) that we will use below; that is, we define U} : [0,t;] — V2

piecewise by
1 mk
Ub(t) = — Ub(t) dt on [(m — 1)k, mk).
k Jm—1)k
Similarly as in Lemma 4.3, we conclude that U}C’ — U® strongly in L%(0,t1;V?) as

k — 0. Moreover, if ¢ € K for a.e. t € [0,#;], we have ¢ € K for all ¢ € [0,#,].

4.2. Passage to the limit K — 0+. To proceed, we reinterpret as follows
the scheme (3.3)—(3.4) in terms of the functions Uy = (Tk, qx), Ux = (T, Gx), Wi =
(Tks Qk), and Uy = (IY, a3):

<at77€aTkl')> + aT(Tk?TIS) + bT(ukaTkaTl§> - d(wkafvalg) - lT(Tlg)

4.6 [
(4.6) - (;[wk]th(Tk»Tﬁ),

(0:Qk, ap — i) + ag(ar, ap — ar) + bg(Uks qr, @) — ar) — lg(ah — qx)
1 -~ ~
> <— ];[wk] hq F(Ty), q) — Qk>,

where @ is either G or ¢ corresponding to Scheme A or Scheme B, respectively.
Furthermore, hq, is defined by hq, (t) = hgm when ¢ € [(m — 1)k, mk). Here we have
considered an arbitrary ¢” € L%(0,t;;K), and q,’i defined as u;, belongs to L?(0,t1; K),
and the analogue of Lemma 4.3 holds (with ¢? — ¢® in L2(0,¢1;V)).

Due to Lemma 4.1, we have, up to subsequences, in the limit £ — 0+, that

(4.7)

(4.8)  Up, Uy = U = (T,q) weakly in L?(0,t1; V) and weak-+ in L>(0,t,; H),
(4.9 Wp =W =(T,Q) weakly in L*(0,t;;V) and weak-* in L>(0,t; H),

and

(4.10) O Wy — W = (0,T,0,Q) weakly in L2(0,t1; V™).
In view of Lemma 4.2, we know that

(4.11) U=Ww.

Now, we consider the inclusions V. C H C V* and recall that the first inclusion
is compact and the second inclusion is continuous. In view of (4.9) and (4.10), we
conclude, by applying the Aubin—Lions compactness theorem, that

(4.12) Wi — W strongly in L*(0,t,; H).
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By Lemma 4.2 again, we conclude that
(4.13) Uy, U, Wi, — U strongly in L*(0,ty; H).

We are now in a position to pass to the limit in (4.7). To proceed, let us illustrate
in advance that the limit function g lies in L2(0,,;K). Indeed, regarded as a convex
subset of L2(0,t1; V), L?(0,t1; K) is closed with respect to the strong topology induced
by the L?(0,t1; V)-norm. Therefore, it is also closed with respect to the weak topology.
First, as qx — ¢ weakly in L2(0,t1; V) and ¢ — ¢° strongly in L2(0,t1; V), we know
that 70(qx) — Y0(q) and vo(q2) — Yo(q®) weakly in L2(0,t1; L2(OM)), where vq is
the trace operator on O M. Hence,

t1
(4.14) / (lo(qh —ar) = lg(¢" —q))dt =0 ask—0+.
0

Second, we pass to the upper limit in aq(qx, ¢% — g) exactly as in (3.47), and we
find

ty

t1
(4.15) lim sup/ aq(qk,q,li —q)dt < / aq(q, qb —q)dt.
0 0

Third, we consider the convergence of the term fg‘ '(0: Ok, q,’; — qi) dt which is the

sum of fotl (01 Qk, ¢4 — Qi) dt and fotl (0;Qk, Ok — qx) dt. Using integration by parts,
(4.10), and the lower semicontinuity of the norm, we write

(4.16)
t1 t1 ty
limsup/ (@Qk,qz — Qp)dt = — liminf/ (01 Ok, Qp) dt + lim/ (0 Ok, qz) dt
0 0 0
.1 2 1 5 h b
:*hmlnfi‘gk(tl)hﬁ+§|QO|L2+ (Ovq,q") dt
0
1 2 1 2 h b
< —lq(t)]72 + slaolie + [ (e, q”) dt
2 2 o
t1 t1
= —/ (Oq,q) dt+/ (0rq,¢") dt
0 0

ty
= / <atQa qb - Q> dt7
0

where we have used, in the second equality of (4.16), the observation

t1 tl
(4.17) lim/ (0:Qk, qp) dt —>/ (0va, ¢") dt,
0 0

which follows from (4.10) and ¢% — ¢® in L2(0,t1; V).

A subtle point is the treatment of fotl (01 Qk, Qr — qx) dt. Though we have (4.10)
(which implies in particular that 9;Qy is bounded in L?(0,t1;V*)) and Qr — g, — 0
weakly in L2(0,t1; V), we cannot conclude that the limit of fotl@t Ok, Qr — qr) dt is
0. Rather, we show, by the specific forms of Qj and g, that

t1
(4.18) lim sup/ (0:Qp, Ok — qi) dt < 0.
0
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Indeed, noticing that 0;Qr = % and O — qi = %(t — mk) on the
subinterval [(m — 1)k, mk) of [0,t1], we have

ty N mt
/ (00 Qx, Qi — qi) dt = Z/( : (0:Qk, Qk — qi) dt
0 m=1" (m—1)t

N mk m _ . m—1 m _ . m—1
Z/ <q N S (t—mk:)>dt
(m—1)t k k

_Z/ 9" =" ey pyae <o,
—1)¢

which implies (4.18). From (4.16) and (4.18), we can conclude that

t1 ty
(4.19) lim sup/ (0 Ok, q,l; —qr)dt < / (Orq, ¢ - q) dt.
0 0

Fourth, we consider the convergence of the integral fotl by (g, g, 0 — qi) dt.

We observe that Uy, Uy, and Wy, all lie in a bounded set of L>(0,t1; H) and
converge to U a.e. in H for ¢t € [0,¢1]. By extraction of a subsequence this, together
with (4.13) and the Lebesgue dominated convergence theorem, yields

(4.20) Uy, Up, Wy — U strongly in LP(0,t,; H) for any p € [1,+00).
As the functions u and u™ are divergence free, we have, using (2.19),

(4.21)

ty

t1
/ bq(uk,quqz _qk) _bq(uvqaqb_Q)dt:/ bq(ukvquqz) _bq(uaq,qb) dt
0 0

t1 tq (31

=/ bq(uk—u,qk,qi)dtJr/ bq(ank_QaQZ)dt"’_/ be(u,q,qp — ¢°) dt
0 0 0

=711 + 1 + I3.

The terms Z; and Z, can be controlled by applylng Lemma 2.1 and Holder’s

inequality as follows, where 7* > 4 satisfies % Tt = Z'

(4.22)

t1 1 1 t1 1 1
71| + |Z2| SC/ |Uk—u|v|qzc|iz||%\|2HQZ||df+C/ lalvigr — ql3.llae — gl [zl dt
0

1
3 b
< Clug — ufzr(o, tl,V)|q}c‘L7(0 1’H)|Qk|iz(o,tl;v)|f11.c|L2(0,t1;V)
1
2 b
+ C|u|L7‘(0,t1, |Qk - q‘z*(o, 1’H)| q|z2(0,t1;v)|Qk|L2(0,t1;V).

By applying Lemma 2.1 and noticing the strong convergence of q,l; to ¢° in
L?(0,t; V), we easily see that

(4.23) |Z5] =0 ask—0+.
Using (4.8), (4.20), and Lemma 4.3, we conclude from (4.21)—(4.23) that

ty
(4.24) / [bg (Wi, qres @} — qi) — bg(u, g, ¢" — )] dt — 0.
0
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Fifth, we consider the variational inequality involving hg,. By (3.57) and the
definitions of hq, and qZ, we have for every q® € L?(0,t;V)

(4.25) () —as)T.1) — ([Qk — gs] T, 1) > (hq,,q) — Qx) for ae. t € [0,11],

and integrating in ¢ from 0 to ¢;, we find

t1

t1 ty
@) [ (el [(Q-at0dez [Cihond - Qo
0 0 0
Up to a subsequence, we know that hg, converges to some limit h, weak-* in

L>([0,t1] x M) and 0 < hy <1 a.e. In view of the strong convergence of q,l; —Qy to
q® — q in L?(0,t;; H), we conclude that

t1 t1
(4.27) / m@Mi—dew+/‘mm¢—qwt
0 0

Moreover, we have

t1 t1
‘/ (Qr — )" — [a— qs]il)dt‘ < / 1Qr — aleLlps dt
0 0
<|Qk — alr20,t1;m) vV IMIt1 — 0

in view of the strong convergence of Qy to ¢ in L?(0,t; H).
Similarly as in (4.28), we could conclude the following convergence by noticing
the strong convergence of ¢¥ to ¢* in L2(0,¢1;V):

(4.28)

(4.29) /Otl (lap —qs) ™, 1) dt — /Otl ([¢" — g5 T, 1) at.

In view of (4.27)-(4.29), we conclude that the following inequality holds after
passing to the limit in (4.26):

t t ty
@) [ et [ gt e [l - g
0 0 0

for every ¢° € L?(0,t;; V). This inequality implies that

(431) ([qb - QS]+7 1) - ([q - qs]+7 1) > <hq’qb - Q> for a.e. t € [Ovtl]a

for every ¢® € L?(0,t1;V), and thus h, € H(q — gs)-
Sixth, we take care of the convergence of fgl(—%[wk]’thF(Tk),qZ —qr)dt. To
proceed, we write the difference

/Ot1 (‘ %[wk]‘thF(Tk),qZ - Qk> dt — /Ot1 (— 1[w}_th(T)7qb — q) dt

p

as the sum of the following two terms:

/0“ (_ %([W’f}_ — (W) hQ F(Th), 4} — Qk> dt,

- o P T —an) — (Ll P — ) at
[ )- (-5 )
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The first term above tends to 0 due to the following inequality:

t1 1 ~
/ ( (fen] — ol Wiy (). of qk) dt < Cluk — w1200 €% — Gl 200000
0

Noticing that hg, — hg weak-* in L>([0,¢1] x M) and F is Lipschitz continuous,
we know that hg, F(Ty) — hyF(T) weakly in L?(0,t; H). Further, noticing that
q,’; —qx — q° — g strongly in L%(0,¢,; H), we conclude that the second term above also
tends to zero.

By now, we have shown that

@z [ ! ( ] ho, P(T). g} qk) i | ! ( el hP(D), ¢ q) i,

Finally, we observe that W3 (0) = Uy, which follows from the definition of Wj.

In view of (4.14), (4.15), (4.19), (4.24), (4.31), and (4.32), we have shown that
the inequalities (2.24) and (2.25) hold for (7, ¢q). The task of showing that (2.23)
holds for (7 ¢) is similar to or significantly easier than that for (2.24). We omit the
details here.

To sum up, we have proved the following theorem.

THEOREM 4.4. Given Ty,q0 € H with 0 < g9 < 1 a.e. in M, the functions
Uk, Uy, and Wy associated with the Euler scheme (3.3)~(3.4) contain a subsequence
k — 0 which converges to a solution U of the system (2.23)—(2.25) in the sense of
(4.8)~(4.13).

Remark 4.5. Theorem 4.4 implies the existence of a solution for the system (2.23)—
(2.25) which was proved in [31] by a different method.
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