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Recently there has been significant interest in the macroscopic manifestation of chiral anomaly in many-
body systems of chiral fermions. A notable example is the Chiral Magnetic Effect (CME). Enthusiastic 
efforts have been made to search for the CME in the quark-gluon plasma created in heavy ion collisions. 
A crucial challenge is that the extremely strong magnetic field in such collisions may last only for a brief 
moment and the CME current may have to occur at so early a stage that the quark-gluon matter is still 
far from thermal equilibrium. This thus requires modeling of the CME in an out-of-equilibrium setting. 
With the recently developed theoretical tool of chiral kinetic theory, we make a first phenomenological 
study of the CME-induced charge separation during the pre-thermal stage in heavy ion collisions. The 
effect is found to be very sensitive to the time dependence of the magnetic field and also influenced 
by the initial quark momentum spectrum as well as the relaxation time of the system evolution toward 
thermal equilibrium. Within the present approach, such pre-thermal charge separation is found to be 
modest.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Spin- 1
2 fermions that are massless (or approximately so) are 

unique in that the axial symmetry in their classical description 
gets broken in quantized theory, a fundamental feature known as 
the chiral anomaly [1,2]. Examples of such chiral fermions include 
e.g. light quarks/leptons in the Standard Model of Particle Physics 
or emergent quantum states of electrons in the so-called Dirac and 
Weyl semimetals. Recently there has been a rapidly growing in-
terest in understanding the implications of microscopic quantum 
anomaly on the macroscopic properties of chiral matter, i.e. many-
body systems with chiral fermions. It has been found that the 
chiral anomaly leads to a number of anomalous chiral transport 
processes that are absent in normal materials, such as the Chiral 
Magnetic Effect [3–6], Chiral Magnetic Wave [7,8], Chiral Vortical 
Effects [9–13], etc. Enthusiastic efforts have been made to search 
for manifestation of these effects in two known types of chiral 
matter, the quark-gluon plasma (QGP) produced in heavy ion col-
lisions [14–17] as well as the Dirac and Weyl semimetals [18–21]. 
See recent reviews in e.g. [22–25].
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Let us focus on the Chiral Magnetic Effect (CME), which predicts 
the generation of an electric current �JQ along the magnetic field �B
applied to the system, i.e.

�JQ = σ5�B (1)

where σ5 is the chiral magnetic conductivity, taking a universal 

value of 
μ5 Q 2

f

4π2 in thermal equilibrium (for each species of chiral 
fermions), with μ5 the chiral chemical potential that quantifies the 
imbalance between fermions of opposite (right-handed, RH versus 
left-handed, LH) chirality. The search of CME in QGP has proven 
difficult, due to the complicated environment in heavy ion col-
lisions. One major issue is that the magnetic field �B , necessary 
for driving the CME current (1), is provided by the fast moving 
ions themselves. Such magnetic field has been extensively stud-
ied [26–34] and found to likely last only for a short time, i.e. on 
the order of � 1 fm/c, after the impact of the two colliding ions. 
There is the possibility that the electrically conducting partonic 
matter created in the collision would develop induction current 
(upon deceasing magnetic field) and thus considerably elongate 
its duration. Whether this may quantitatively work, remains to be 
seen.

This situation therefore poses a challenge: during the time 
when the magnetic field is substantial (thus the CME current most 
significant), the partonic matter could still be far from thermal 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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equilibrium. The quantitative modeling of CME in heavy ion colli-
sions has only been recently achieved for the hydrodynamic stage 
and after [35–38], so there remains a crucial gap to fill, namely 
quantifying the CME during the out-of-equilibrium stage in heavy 
ion collisions. In this paper, we aim to make an important step for-
ward in addressing this pressing problem for the search of CME in 
QGP. Equipped with the theoretical tool of chiral kinetic theory, we 
make a first phenomenological study of the CME-induced charge 
separation in the pre-thermal stage and discuss its implication for 
subsequent hydrodynamic evolution in heavy ion collisions.

2. The Chiral Kinetic Theory (CKT)

The theoretical framework to describe anomalous chiral trans-
port in an out-of-equilibrium system is the recently developed 
chiral kinetic theory [39–47]. By introducing Ô (h̄) correction to 
the classical equations of motion, it incorporates chiral anomaly 
related effects into the usual kinetic equation. In the following we 
present the necessary ingredients of this theory to be used for the 
present study. The kinetic equation to be solved takes the follow-
ing form [40,41]:[
∂t + �̇x · �∇x + �̇p · �∇p

]
f i(�x, �p, t) = C[ f i] , (2)

�̇x = 1√
G

[
�vp + qi �B

(
�vp · �b

)]
, �̇p = 1√

G

[
qi �vp × �B

]
. (3)

In the above, the f i is the distribution function in the phase 
space of position �x and momentum �p, for each specie (labeled
by i) of chiral fermions. The C[ f ] is the collision term. The im-
portant change as compared with classical kinetic theory, is in 
the equations of motion (3). Note here we consider the case with 
spatially homogeneous external magnetic field �B but without elec-
tric field, and qi is the electric charge of the type-i fermions. In 
the above, an anomalous velocity along magnetic field qi �B

(
�vp · �b

)
appears, with the Berry curvature �b ≡ χ p̂/(2p2) (where p = |�p|
and χ = +/− for positive/negative helicity respectively). The factor 
G ≡ (1 + qi �B · �b)2 is a phase space factor. Another important effect 
of the �B field is the magnetization, which modifies particle disper-
sion into ε(�p) = p[1 − g

2 qi �B · �b] with g the g-factor for magnetic 
moment for which we adopt the standard choice of g = 2 [40–42]. 
The corresponding velocity �vp = ��p ε(�p) is thus given by

�vp = p̂
(

1 + gqi �B · �b
)

− g

2
qi �B

(
p̂ · �b

)
. (4)

Substituting the above into the equation of motion and keeping up 
to linear order terms in �B , one obtains [43]

√
G �̇x = p̂

(
1 + gqi �B · �b

)
+ a qi �B

(
p̂ · �b

)
(5)

√
G �̇p = qi p̂ × �B (6)

where a = (2 − g)/2 vanishes for g = 2. Finally the local current 
density can be obtained via the following:

�ji =
∫
�p

√
G �̇x f i =

∫
�p

[
�vp + qi �B

(
�vp · �b

)]
f i (7)

with 
∫
�p ≡ d3�p

(2π)3 . If one inserts a thermal Fermi–Dirac distribution 
in the above, the equilibrium CME current (1) is reproduced. For 
details of CKT, see [39–42].
3. Solutions to the CKT equation

Given the above chiral kinetic theory, it is of great interest to 
find possible analytic solutions. In the following we consider solu-
tions for two different cases of the collision term, with a magnetic 
field �B = B(t)ŷ along y-axis that has constant magnitude across 
space but is time-dependent.

The first case is the collision-less limit, i.e. C[ f i] = 0. In this 
case the particles will simply undergo “free”-streaming according 
to the trajectory determined from the equations of motion (5), 
(6). Note that such trajectory is different from the usual classical 
trajectory due to the anomalous terms. For a particle with initial 
position �x0 and initial momentum �p0 at time t0, its position and 
momentum at a later time t are given by:

z = z0 + pz0

p

t∫
t0

ζ√
G

cos θ ′dt′ + px0

p

t∫
t0

ζ√
G

sin θ ′dt′,

x = x0 − pz0

p

t∫
t0

ζ√
G

sin θ ′dt′ + px0

p

t∫
t0

ζ√
G

cos θ ′dt′,

y = y0 + p y0

p

t∫
t0

ζ√
G

dt′ + a χ

2p

t∫
t0

qi B

p
√

G
dt′.

(8)

pz = pz0 cos θ + px0 sin θ,

px = −pz0 sin θ + px0 cos θ,

p y = p y0.

(9)

In the above ζ = 1 + gqi �B · �b = 1 + gχ
qi B(t)p y

2p3 , θ ′ ≡ θ(t′) =∫ t′
t0

qi B(τ )

p
√

G(τ )
dτ , 

√
G = 1 + qi

�b · �B = 1 + χ qi �p·�B
2p3 = 1 + χ

qi B(t)p y

2p3 .

Equivalently, a particle found to have position �x and momen-
tum �p at a time t can be traced back to a state of �x0(�x, �p, t) =
�x(�x, �p, t; t0) = (x0, y0, z0) and �p0(�x, �p, t) = �p(�x, �p, t; t0) = (px0,

p y0, pz0) at initial time, given by:

z0 = z − pz0

p

t∫
t0

ζ√
G

cos θ ′dt′ − px0

p

t∫
t0

ζ√
G

sin θ ′dt′,

x0 = x + pz0

p

t∫
t0

ζ√
G

sin θ ′dt′ − px0

p

t∫
t0

ζ√
G

cos θ ′dt′,

y0 = y − p y0

p

t∫
t0

ζ√
G

dt′ − a χ

2p

t∫
t0

qi B

p
√

G
dt′.

(10)

pz0 = pz cos θ − px sin θ,

px0 = pz sin θ + px cos θ,

p y0 = p y .

(11)

Therefore given an initial condition f i 0(�x0, �p0), the solution in 
the collisionless case, is simply the following:

f i(�x, �p, t) = f i 0

(
�x0(�x, �p, t), �p0(�x, �p, t)

)
(12)

The current �ji can then be computed according to (7).
We next consider the case with a collision term of the form 

C[ f ] = −α f i + β where α(�x, �p, t), β(�x, �p, t) are both certain func-
tions of position, momentum and time [48]. With this collision 
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term, the formal exact solution to the kinetic equation is given 
by [48]:

f i(�x, �p, t) = f i0(�x0, �p0)e
− ∫ t

t0
α(�xt′ ,�pt′ ,t′)dt′

+
t∫

t0

β(�xs, �ps, s)e− ∫ t
s α(�xt′ ,�pt′ ,t′)dt′ds. (13)

where again the f i 0 is the initial condition. The �xξ (�x, �p, t) =
�x(�x, �p, t; ξ) = (xξ , yξ , zξ ), �pξ (�x, �p, t) = �p(�x, �p, t; ξ) = (pxξ , p yξ , pzξ )

are the position and momentum at any intermediate time mo-
ment ξ as determined by Eq. (10) and Eq. (11). Again the cor-
responding current can be computed according to (7). The famil-
iar relaxation time approximation (RTA) is a special case of this 
form, with α → 1/τR (where τR is the relaxation time parameter) 
and β → feq/τR . It shall be emphasized that the local equilib-
rium distribution feq = 1

e[ε(�p)−μ∗]/T ∗+1
here needs to be determined 

self-consistently at any spacetime point during the evolution, by 
fixing the local equilibrium parameters T ∗(�x, t), μ∗(�x, t) from en-
ergy density and number density. As such, the formal solution for 
the RTA case is an implicit one and needs to be numerically eval-
uated. The resulting current in the RTA case takes the following 
form:

�j RT A
i =

∫
�p

[
�vp + qi �B

(
�vp · �b

)][
f i0(�x0, �p0)e

− ∫ t
t0

1
τR

dt′

+
t∫

t0

1

τR
feq(�xs, �ps, s)e

− ∫ t
s

1
τR

dt′
ds

]
. (14)

In the above the current evolves from dominance of the “memory” 
of initial condition toward dominance of thermal equilibrium, with 
τR controlling the time scale of such transition. It shall be noted 
that in a quark-gluon system created in a heavy ion collision there 
would be more than one relaxation time scales that are relevant 
to the kinetic, chemical, or spin equilibration processes. For the 
results to be presented in this paper we will assume just a single 
relaxation time scale for simplicity.

4. Modeling out-of-equilibrium CME

With the above obtained solutions to the chiral kinetic equa-
tion, we now apply them for estimating the chiral magnetic cur-
rent that can be generated during the early moments in heavy ion 
collisions when the created dense partonic matter is still out-of-
equilibrium while the magnetic field is the strongest. In passing, 
we note that there has been study of pre-thermal chiral magnetic 
effect using classical-statistical field simulations [49–52]. We also 
note that there has been attempt of applying chiral kinetic trans-
port for describing long time evolution of the fireball assuming 
very long �B field duration [53].

The partonic system at early time is characterized by the so-
called saturation scale Q s , on the order of 1 ∼ 3 GeV for RHIC 
and the LHC [54]. We take Q s � 2 GeV. According to recent ki-
netic studies of pre-equilibrium evolution (see e.g. [55–57]), while 
the system is initially gluon-dominated, the quarks are generated 
quickly on a time scale τ ∼ 1/Q s and then evolve toward thermal 
equilibrium. We will use a formation time τin = 0.1 fm/c ∼ 1/Q s

as the starting time of our kinetic evolution of quark distributions 
until an end time of τ f = 0.6 fm/c ∼ 6/Q s which is on the order 
of onset time for hydrodynamic evolution in heavy ion collisions. 
We use the following quark initial distributions at τ = τin:
f i 0 = λi f0 , f0 = n0 F
(|�p|) exp

[
− x2

R2
x

− y2

R2
y

− z2

R2
z

]
(15)

The spatial distribution is Gaussian, with three width parame-
ters. The longitudinal width is set as Rz = 1/(2Q s). The transverse 
widths are determined by nuclear geometry, e.g. for AuAu colli-
sions (with nuclear radius R A � 6.3 fm) at impact parameter b, 
Rx → (R A − b/2) and R y →

√
R2

A − (b/2)2. The initial momentum 
distribution F is not precisely known, so we will test the following 
three different forms and compare the results:

(1) a Fermi–Dirac like form (FD)
FF D = 1

e(p−Q s)/�+1
with � = 0.2 GeV;

(2) a soft-dominated Gaussian form (SG)

FSG = e
− p2

Q 2
s ;

(3) a hard-dominated Gaussian form (HG)

FHG = (
c p
Q s

)2 e−(
c p
Q s

)2
with c = 1.65.

The overall magnitude parameter n0 is fixed by normalizing the 
quark number density at the fireball center via 

∫
�p f0(�p, x = y =

z = 0) → ξ Q 3
s (see e.g. [57]) and we will vary the parameter ξ

in a reasonable range to be consistent with that of typical initial 
condition used for hydrodynamic simulations. Finally the constant 
λi is used to specify the density difference across various species, 
namely u, ū, d, and d̄ quarks with positive/negative helicity respec-
tively. We use the following choices: λu,+ = λū,+ = λd,+ = λd̄,+ =
1 + λ5 while λu,− = λū,− = λd,− = λd̄,− = 1 − λ5, where λ5 con-
trols the initial imbalance of opposite helicity fermions. We will 
vary λ5 to examine the dependence of pre-thermal CME effect on 
such initial imbalance. In a realistic heavy ion collision, the axial 
charge imbalance would be spatially fluctuating. Here the sim-
ple uniform imbalance is used to get a reasonable idea of how 
large the pre-thermal charge separation could be. With the pres-
ence of such imbalance, the relaxation time scale could become 
different for fermions with opposite chirality, see e.g. relevant dis-
cussions in [51]. In this work we will use the same relaxation time 
scale for simplicity. Note also that the electric charge should be 
qu = −qū = 2e

3 and qd = −qd̄ = − e
3 . For the rest of the paper we 

focus on the case of impact parameter b = 7.5 fm correspond-
ing roughly to 20 − 30% centrality class. Finally it shall be noted 
that in the present implementation of the CKT, the axial charge 
is effectively conserved which would not be the case in a realis-
tic environment due to the presence of chiral anomaly. As a result, 
the axial charge density will fluctuate not only spatially but also 
as a function of time due to various chirality changing processes 
such as the spin-flips induced by finite mass or sphaleron transi-
tions [58] as well as the chiral plasma instabilities [59].

The time evolution of magnetic field �B = B(τ )ŷ is not precisely 
determined. We will take an open attitude and compare a variety 
of possibilities proposed in the literature to provide a clear idea of 
the associated uncertainty. These include:

(a) The vacuum case B(τ ) = B0[
1+(τ/τ̄ )2

]3/2 with τ̄ � 0.076 fm/c

(referred to as VC hereafter) [27,29];
(b) The medium-modified case assuming a conductivity value 

equal to lattice computed thermal value at T � 1.45Tc (re-
ferred to as MS-1 hereafter) [29];

(c) The medium-modified case assuming a conductivity value 
equal to 100 times the above mentioned lattice value (referred 
to as MS-100 hereafter) [29];
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Fig. 1. Comparison of various time-dependent magnetic field B(τ ) normalized by 
B0 = B(τ = 0).

(d) A widely used inverse-time-square parameterization B(τ ) =
B0

1+(τ/τB )2 with τB = 0.1 fm/c or τB = 0.6 fm/c (referred to 
as SQ-01 and SQ-06 hereafter) [35,36,38];

(e) The dynamically evolving magnetic field B(τ ) from the most 
recent magnetohydrodynamic computation based on ECHO-
QGP code (referred to as ECHO hereafter) [33].

The peak value of eB0 = 6m2
π at τ = 0 is set to be the same for all 

the above cases, taken from [28]. For a clear comparison, we show 
various B(τ ) in Fig. 1. Note that the magnetic field in general is 
not homogenous in space. Nevertheless from past event-by-event 
simulations (see e.g. [28]) such inhomogeneity of B field in most 
part of the overlapping zone in a heavy ion collision is quite mild 
(except near the edge). We will assume a uniform magnetic field 
which shall a reasonable approximation for gaining an idea of the 
magnitude for the pre-thermal CME effect.

Let us now demonstrate the out-of-equilibrium charge sepa-
ration due to CME by examining the transverse component �J Q

⊥
of the electric charge current and the net charge density dis-
tribution nQ on the x − y plane from the chiral kinetic trans-
port solutions. As already mentioned, the formal solution given 
in Eq. (13) is implicit. To obtain concrete results, we’ve employed 
finite-difference numerical methods to explicitly evolve the kinetic 
equation in time. We use a finite timestep �t = 0.002 fm/c and 
the following spatial grid: [−8.525 fm, 8.525 fm] for x and y coor-
dinates with �x = �y = 0.55 fm as well as [−0.4 fm, 0.4 fm] with 
�z = 0.01 fm. In Fig. 2 we show the �J Q

⊥ with the arrow indicating 
the direction of the current: it is evident that the current is aligned 
with magnetic field (along y-axis) and the magnitude is bigger in 
the area with larger local quark density. This CME-induced current 
will transport positive/negative charges in opposite direction and 
thus accumulate with time the separation of charges above/below 
the reaction plane. In Fig. 3 we show the net charge density dis-
tribution on the transverse plan at several time moments: indeed 
one clearly sees the gradual buildup of excessive positive charges 
on one side of the plane while negative charges on the other side, 
implying a growing charge separation with time.

5. Results and discussions

Let us then quantify the out-of-equilibrium charge separation 
effect and study its dependence on various ingredients in the 
modeling. To quantify this effect, we introduce a quantity R Q =
N Q /Ntotal defined as a ratio of the total number of net charge 
Fig. 2. Transverse charge current �J Q
⊥ on the x − y plane at time τ = 0.2 fm/c

(computed with FD initial distribution, ECHO magnetic field, τR = 0.1 fm/c and 
λ5 = 0.2).

Fig. 3. Net charge density n Q (normalized by ξ Q 3
s ) on the x − y plane at different 

time (computed with FD initial distribution, ECHO magnetic field, τR = 0.1 fm/c
and λ5 = 0.2).

above reaction plane N Q (with equal number but opposite net 
charge −N Q below reaction plane) to the total number of quarks 
and anti-quarks Ntotal in the system. This ratio R Q is shown in 
Fig. 4 as a function of time τ . The R Q monotonically grows with 
time in all cases, reflecting the accumulation of charge separation 
from continuous CME transport. One also finds a strong depen-
dence of this effect on the magnetic field evolution with time. For 
example, the ECHO magnetic field (from magnetohydrodynamic 
simulations) could produce a charge separation about an order of 
magnitude larger than the vacuum case. It is therefore crucial to 
treat magnetic field as dynamically evolving by properly account-
ing for medium feedback.

Another way to quantify this CME-induced pre-thermal charge 
separation, is to define a weighed charge dipole moment of the net 
charge density distribution on the transverse plane, as follows:

εQ
1 =

∫
dz r⊥dr⊥dφ r2⊥ sinφ nQ∫

dz r dr dφ r2 ntot.
(16)
⊥ ⊥ ⊥
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Fig. 4. The ratio R Q /λ5 for quantifying charge separation across the reaction 
plane as a function of time, computed and compared for various choices of time-
dependent magnetic field (with FD initial distribution and τR = 0.1 fm/c).

Fig. 5. The charge dipole moment εQ
1 (scaled by λ5) for quantifying charge sepa-

ration as a function of time, computed and compared for various choices of time-
dependent magnetic field (with FD initial distribution and τR = 0.1 fm/c).

where r⊥ and φ are transverse radial and azimuthal coordinates 
on x − y plane, nQ is the net charge density while ntot. is the 
total quark and anti-quark number density providing the normal-
ization in defining the dimensionless dipole moment εQ

1 . In Fig. 5

we show εQ
1 as a function of time. In consistency with R Q shown 

in Fig. 4, the dipole moment is found to grow with time and sen-
sitively depends on the time evolution of the magnetic field.

We next examine the influence of the initial momentum dis-
tribution on the resulting charge separation dipole. To do that, we 
compare εQ

1 as a function of τ computed from three different ini-
tial distributions (FD, SG, HG): see Fig. 6. Note that for the three 
distributions the total quark/antiquark number is normalized to be 
the same for fair comparison. The results demonstrate a mild de-
pendence on such initial distribution, and appear to indicate that 
the charge separation could be enhanced if the momentum is more 
distributed in the soft regime.

Finally we study the influence of the relaxation parameter τR

on the resulting charge separation dipole. In Fig. 7 the εQ
1 as a 

function of τ is computed for three choices of τR : collision-less 
limit τR = ∞, slow relaxation case τR = 0.6 fm/c and fast relax-
ation case τR = 0.1 fm/c. The comparison clearly demonstrates 
that the charge separation increases with decreasing relaxation 
Fig. 6. The charge dipole moment εQ
1 (scaled by λ5) as a function of time, computed 

and compared for three choices (FD, SG, HG) of initial momentum distribution (with 
ECHO magnetic field and τR = 0.1 fm/c).

Fig. 7. The charge dipole moment εQ
1 (scaled by λ5) as a function of time, computed 

and compared for three choices of relaxation time τR (with ECHO magnetic field 
and FD initial distribution).

time (i.e. stronger scattering in the system). This may be under-
stood as follows: more scattering would prevent the quarks/anti-
quarks from streaming away too quickly thus keeping their density 
higher to generate more contributions to the anomalous current. 
Such pre-thermal CME current, however, originates from quantum 
response of chiral fermions to the external magnetic field and the 
relaxation affects it only in an indirect way, which is different from 
the situation of the usual pre-thermal collective flow where inter-
esting universal scaling behavior occurs [60,61].

So far we have not discussed the influence of two other impor-
tant ingredients: the initial helicity imbalance parameterized by λ5
and the peak magnetic field strength B0. In fact the dependence 
is fairly simple: the charge separation (described by either R Q or 
εQ

1 ) is found to be simply linearly proportional to both of these 
factors. This conclusion should though be put in a context, as the 
homologous initial chirality imbalance λ5 used in this work is only 
an approximate implementation of axial charge dynamics. A dy-
namical treatment of axial charge would involve inhomogeneous 
generation from gluon topological fluctuations as well as possible 
chiral plasma instability [59].

It may be noted that the obtained pre-thermal CME-induced 
charge separation effect has been found to be rather small for our 
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current choice of parameters. This may be due to a number of fac-
tors. Firstly the total evolution time (from 0.1 fm/c to 0.6 fm/c) 
is fairly short, which limits the accumulation of charge separation. 
Secondly, in the present formulation of chiral kinetic theory the 
anomalous term responds instantaneously to the applied magnetic 
field, so the resulting anomalous current decreases in time rapidly 
along with the magnetic field thus hindering the buildup of charge 
separation. This is an important and challenging issue that requires 
further investigation. Finally, the imbalance in number density be-
tween opposite helicity fermions (that we currently use in these 
calculations) is small compared with the relevant system scale Q s

which is analogous to the situation of a very small ratio for axial 
charge density n5 to entropy density in the thermal case.

We end by discussing the implication for the subsequent hy-
drodynamic evolution stage. The occurrence of the pre-hydro CME 
implies that by the time of hydro onset, the fermion density and 
current can no longer be set as trivially vanishing (as usually 
done). Instead, as shown in Figs. 2 and 3, the per-thermal trans-
port induces a nontrivial initial condition by that time and should 
be incorporated into the subsequent hydrodynamic evolution as 
nontrivial initial conditions for the various fermion currents in-
cluding both the zeroth component (i.e. density) and the spatial 
component (vector 3-current density). With the recently developed 
Anomalous-Viscous Fluid Dynamics (AVFD) framework [35], we 
have tested and demonstrated that indeed such pre-hydro charge 
separation can be built into hydro initial conditions and will sur-
vive through the hydro stage to contribute to the final hadron 
observables.

6. Summary

In summary, we have performed a first phenomenological study 
of the CME-induced charge separation during the pre-thermal 
stage in heavy ion collisions. Such study will be very important 
for addressing the crucial challenge due to the fact that the ex-
tremely strong magnetic field in such collisions may last only for 
a brief moment and the CME current may have to occur at so 
early a stage that the quark-gluon matter is still far from ther-
mal equilibrium. Utilizing the tool of chiral kinetic theory, we have 
developed analytic solutions for the collision-less limit and the re-
laxation time approximation. We have quantified the net charge 
dipole moment arising from the per-thermal CME-induced charge 
separation and studied its dependence on various ingredients in 
the modeling. The effect is found to be very sensitive to the time 
dependence of the magnetic field and also influenced by the initial 
quark momentum spectrum as well as the relaxation time of the 
system evolution toward thermal equilibrium. Within the present 
approach, such pre-thermal charge separation is found to be mod-
est. Finally the implication of pre-thermal CME for the subsequent 
hydrodynamic evolution has been discussed.

With this proof-of-concept study, we aim to develop in the 
future a more comprehensive and realistic pre-thermal CME mod-
eling tool that will also be seamlessly integrated with an anoma-
lous hydrodynamic evolution. One lesson we’ve learned from the 
present study is that the magnetic field driven effects may be sig-
nificant during the early stage when the field is most strong. For 
example the pre-thermal CME leads to nontrivially modified initial 
conditions for hydrodynamic evolution. In addition to such trans-
port effects, it could be anticipated that the early time magnetic 
field may have an even stronger and more direct influence on the 
particles that are dominantly produced through initial hard pro-
cesses [34,62], such as the high momentum quarkonia as well as 
dileptons and photons. During the formation of these particles at 
the earliest moments after a collision, the strong magnetic field 
(and the anomalous transport of partons driven by it) may possibly 
leave an imprint in their production, which would be an interest-
ing topic for future study.

Acknowledgements

The authors thank K. Fukushima, X. G. Huang, M. Stephanov 
and H. U. Yee for helpful discussions. The research of AH and PZ is 
supported by the NSFC and MOST Grant Nos. 11335005, 11575093, 
2013CB922000 and 2014CB845400. YJ is supported by the DFG 
Collaborative Research Center “SFB 1225 (ISOQUANT)”. This mate-
rial is partly based upon work supported by the U.S. Department 
of Energy, Office of Science, Office of Nuclear Physics, within the 
framework of the Beam Energy Scan Theory (BEST) Topical Col-
laboration. JL and SS are also supported in part by the National 
Science Foundation under Grant No. PHY-1352368.

References

[1] S.L. Adler, Phys. Rev. 177 (1969) 2426.
[2] J.S. Bell, R. Jackiw, Nuovo Cimento A 60 (1969) 47.
[3] D. Kharzeev, Phys. Lett. B 633 (2006) 260.
[4] D. Kharzeev, A. Zhitnitsky, Nucl. Phys. A 797 (2007) 67.
[5] D.E. Kharzeev, L.D. McLerran, H.J. Warringa, Nucl. Phys. A 803 (2008) 227.
[6] K. Fukushima, D.E. Kharzeev, H.J. Warringa, Phys. Rev. D 78 (2008) 074033.
[7] D.E. Kharzeev, H.U. Yee, Phys. Rev. D 83 (2011) 085007, https://doi.org/10.1103/

PhysRevD.83.085007, arXiv:1012.6026 [hep-th].
[8] Y. Burnier, D.E. Kharzeev, J. Liao, H.U. Yee, Phys. Rev. Lett. 107 (2011) 052303;

arXiv:1208.2537 [hep-ph].
[9] D.T. Son, P. Surowka, Phys. Rev. Lett. 103 (2009) 191601.

[10] D.E. Kharzeev, D.T. Son, Phys. Rev. Lett. 106 (2011) 062301.
[11] A.V. Sadofyev, V.I. Shevchenko, V.I. Zakharov, Phys. Rev. D 83 (2011) 105025.
[12] K. Landsteiner, E. Megias, L. Melgar, F. Pena-Benitez, J. High Energy Phys. 1109 

(2011) 121.
[13] Y. Jiang, X.G. Huang, J. Liao, Phys. Rev. D 92 (7) (2015) 071501.
[14] B.I. Abelev, et al., STAR Collaboration, Phys. Rev. Lett. 103 (2009) 251601.
[15] L. Adamczyk, et al., STAR Collaboration, Phys. Rev. Lett. 113 (2014) 052302.
[16] B.I. Abelev, et al., ALICE Collaboration, Phys. Rev. Lett. 110 (2013) 021301.
[17] L. Adamczyk, et al., STAR Collaboration, Phys. Rev. Lett. 114 (25) (2015) 252302.
[18] Q. Li, et al., Nat. Phys. 12 (2016) 550, https://doi.org/10.1038/nphys3648, 

arXiv:1412.6543 [cond-mat.str-el].
[19] J. Xiong, S.K. Kushwaha, T. Liang, J.W. Krizan, W. Wang, R.J. Cava, N.P. Ong, 

arXiv:1503.08179 [cond-mat.str-el].
[20] X. Huang, L. Zhao, Y. Long, et al., Phys. Rev. X 5 (2015) 031023.
[21] F. Arnold, C. Shekhar, S.-C. Wu, et al., Nat. Commun. 7 (2016) 11615.
[22] D.E. Kharzeev, J. Liao, S.A. Voloshin, G. Wang, Prog. Part. Nucl. Phys. 88 (2016) 

1.
[23] D.E. Kharzeev, Annu. Rev. Nucl. Part. Sci. 65 (2015) 193, https://doi.org/10.1146/

annurev-nucl-102313-025420, arXiv:1501.01336 [hep-ph].
[24] J. Liao, Pramana 84 (5) (2015) 901, arXiv:1401.2500 [hep-ph].
[25] A.A. Burkov, J. Phys.: Condens. Matter 27 (2015) 113201.
[26] A. Bzdak, V. Skokov, Phys. Lett. B 710 (2012) 171.
[27] W.T. Deng, X.G. Huang, Phys. Rev. C 85 (2012) 044907.
[28] J. Bloczynski, X.G. Huang, X. Zhang, J. Liao, Phys. Lett. B 718 (2013) 1529.
[29] L. McLerran, V. Skokov, Nucl. Phys. A 929 (2014) 184.
[30] U. Gursoy, D. Kharzeev, K. Rajagopal, Phys. Rev. C 89 (5) (2014) 054905.
[31] K. Tuchin, Phys. Rev. C 93 (1) (2016) 014905.
[32] H. Li, X.l. Sheng, Q. Wang, Phys. Rev. C 94 (4) (2016) 044903.
[33] G. Inghirami, L. Del Zanna, A. Beraudo, M.H. Moghaddam, F. Becattini, M. Ble-

icher, Eur. Phys. J. C 76 (12) (2016) 659.
[34] X. Guo, S. Shi, N. Xu, Z. Xu, P. Zhuang, Phys. Lett. B 751 (2015) 215.
[35] Y. Jiang, S. Shi, Y. Yin, J. Liao, arXiv:1611.04586 [nucl-th].
[36] Y. Yin, J. Liao, Phys. Lett. B 756 (2016) 42.
[37] Y. Hirono, T. Hirano, D.E. Kharzeev, arXiv:1412.0311 [hep-ph].
[38] H.U. Yee, Y. Yin, Phys. Rev. C 89 (4) (2014) 044909.
[39] M.A. Stephanov, Y. Yin, Phys. Rev. Lett. 109 (2012) 162001.
[40] D.T. Son, N. Yamamoto, Phys. Rev. Lett. 109 (2012) 181602.
[41] D.T. Son, N. Yamamoto, Phys. Rev. D 87 (8) (2013) 085016.
[42] J.Y. Chen, D.T. Son, M.A. Stephanov, H.U. Yee, Y. Yin, Phys. Rev. Lett. 113 (18) 

(2014) 182302.
[43] D.E. Kharzeev, M.A. Stephanov, H.U. Yee, Phys. Rev. D 95 (5) (2017) 051901.
[44] J.W. Chen, S. Pu, Q. Wang, X.N. Wang, Phys. Rev. Lett. 110 (26) (2013) 262301.
[45] Y. Hidaka, S. Pu, D.L. Yang, arXiv:1612.04630 [hep-th].
[46] N. Mueller, R. Venugopalan, arXiv:1701.03331 [hep-ph];

arXiv:1702.01233 [hep-ph].
[47] E.V. Gorbar, V.A. Miransky, I.A. Shovkovy, P.O. Sukhachov, arXiv:1702.02950 

[cond-mat.mes-hall].

http://refhub.elsevier.com/S0370-2693(17)31002-X/bib41646C65723A31393639676Bs1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib42656C6C3A313936397473s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A323030346579s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A32303037746Es1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A323030376A70s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib46756B757368696D613A323030387865s1
https://doi.org/10.1103/PhysRevD.83.085007
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4275726E6965723A323031316266s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4275726E6965723A323031316266s2
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib536F6E3A323030397466s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A323031306772s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib5361646F667965763A323031306973s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4C616E64737465696E65723A323031316971s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4C616E64737465696E65723A323031316971s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4A69616E673A32303135637661s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib535441525F4C505631s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib535441525F4C50565F424553s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib414C4943455F4C5056s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4164616D637A796B3A3230313565716Fs1
https://doi.org/10.1038/nphys3648
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib58696F6E673A323031356E6E61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib58696F6E673A323031356E6E61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib3230313550685276582E2E2E35633130323348s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib323031364E6174436F2E2E2E37313136313541s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A323031357A6E63s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A323031357A6E63s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A323031357A6E63s1
https://doi.org/10.1146/annurev-nucl-102313-025420
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4C69616F3A32303134617661s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib6275726B6F76s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib427A64616B3A323031317979s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib44656E673A323031327063s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib426C6F637A796E736B693A32303132656Es1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D634C657272616E3A32303133686C61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib477572736F793A32303134616B61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib54756368696E3A323031356F6B61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4C693A3230313674656Cs1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib496E67686972616D693A32303136697275s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib496E67686972616D693A32303136697275s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib47756F3A323031356E7361s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4A69616E673A32303136777665s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib59696E3A32303135666361s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4869726F6E6F3A323031346F6461s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib5965653A32303133637961s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib5374657068616E6F763A323031326B69s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib536F6E3A323031327768s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib536F6E3A323031327A79s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4368656E3A32303134636C61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4368656E3A32303134636C61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6861727A6565763A32303136737574s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4368656E3A323031326361s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib486964616B613A32303136796A66s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D75656C6C65723A323031376C7A77s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D75656C6C65723A323031376C7A77s2
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib476F726261723A32303137637776s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib476F726261723A32303137637776s1
https://doi.org/10.1103/PhysRevD.83.085007
https://doi.org/10.1146/annurev-nucl-102313-025420


A. Huang et al. / Physics Letters B 777 (2018) 177–183 183
[48] L. Yan, P. Zhuang, N. Xu, Phys. Rev. Lett. 97 (2006) 232301.
[49] M. Mace, S. Schlichting, R. Venugopalan, Phys. Rev. D 93 (7) (2016) 074036.
[50] M. Mace, N. Mueller, S. Schlichting, S. Sharma, Phys. Rev. D 95 (3) (2017) 

036023.
[51] N. Müller, S. Schlichting, S. Sharma, Phys. Rev. Lett. 117 (14) (2016) 142301.
[52] K. Fukushima, Phys. Rev. D 92 (5) (2015) 054009.
[53] Y. Sun, C.M. Ko, F. Li, Phys. Rev. C 94 (4) (2016) 045204;

Y. Sun, C.M. Ko, arXiv:1612.02408 [nucl-th].
[54] H. Kowalski, T. Lappi, R. Venugopalan, Phys. Rev. Lett. 100 (2008) 022303.
[55] J.P. Blaizot, F. Gelis, J.F. Liao, L. McLerran, R. Venugopalan, Nucl. Phys. A 873 

(2012) 68.
[56] J.P. Blaizot, J. Liao, L. McLerran, Nucl. Phys. A 920 (2013) 58.
[57] J.P. Blaizot, B. Wu, L. Yan, Nucl. Phys. A 930 (2014) 139.
[58] I. Iatrakis, S. Lin, Y. Yin, J. High Energy Phys. 1509 (2015) 030.
[59] Y. Akamatsu, N. Yamamoto, Phys. Rev. Lett. 111 (2013) 052002.
[60] J. Vredevoogd, S. Pratt, Phys. Rev. C 79 (2009) 044915.
[61] L. Keegan, A. Kurkela, A. Mazeliauskas, D. Teaney, J. High Energy Phys. 1608 

(2016) 171.
[62] G. Basar, D.E. Kharzeev, E.V. Shuryak, Phys. Rev. C 90 (1) (2014) 014905.

http://refhub.elsevier.com/S0370-2693(17)31002-X/bib59616E3A323030367665s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D6163653A32303136737663s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D6163653A32303136736871s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D6163653A32303136736871s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4D75656C6C65723A3230313676656Es1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib46756B757368696D613A32303135747A61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib53756E3A323031366E6967s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib53756E3A323031366E6967s2
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B6F77616C736B693A323030377277s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib426C61697A6F743A323031317866s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib426C61697A6F743A323031317866s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib426C61697A6F743A323031336C6761s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib426C61697A6F743A323031346A6E61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib49617472616B69733A32303135666D61s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib416B616D617473753A32303133706A64s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib5672656465766F6F67643A323030386964s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B656567616E3A32303136637069s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib4B656567616E3A32303136637069s1
http://refhub.elsevier.com/S0370-2693(17)31002-X/bib42617361723A32303134737761s1

	Out-of-equilibrium chiral magnetic effect from chiral kinetic theory
	1 Introduction
	2 The Chiral Kinetic Theory (CKT)
	3 Solutions to the CKT equation
	4 Modeling out-of-equilibrium CME
	5 Results and discussions
	6 Summary
	Acknowledgements
	References


