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ABSTRACT
This study examines the formation of transverse cloud rolls associated with the Poiseuille shear flows that are occasionally observed in the
Earth’s atmospheric boundary layer. It is shown that the mechanisms underlying the formation of this type of transverse roll clouds can be
explained in the framework of the transition dynamics and structural bifurcation for the incompressible flows. Specifically, the formation
of transverse roll clouds is attributed to a subtle interaction between the vertical wind shear and the vertical temperature gradient in the
atmospheric well-mixed boundary layer, which results in an attractor bifurcation and subsequent boundary layer separations. The topological
structure of the Poiseuille shear flow at the boundary layer separation can be identified as transverse roll cloud.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5109523., s

I. INTRODUCTION

The Earth’s atmosphere is essentially a multiscale fluid dynam-
ical system. Due to its constant heat and moisture exchange with
the Earth’s surface, there are various types of convection that pro-
duce cloud patterns with different temporal and spatial scales, rang-
ing from low-level stratus clouds to very high-level cirrus clouds.
Because of the high similarity between the atmospheric convective
cells and the Rayleigh-Bénard thermal convection, many analytical
models have been proposed to understand the cloud patterns in the
atmospheric boundary layer, based on the coupling of the Rayleigh-
Bénard convection and a vertical shear flow such as the Couette flow
or the Poiseuille flow.1–12

Among several types of low-level clouds, transverse cloud rolls
(TCRs, also known as transverse bands or Arcus rolling clouds)
whose convection axes are oriented perpendicular to their mean
flow have occasionally been documented to develop near the top
of the atmospheric planetary boundary layer (PBL).2,13 Unlike the
more common longitudinal convection rolls with cloud axes ori-
ented roughly along the mean flow direction (also known as cloud
streets),11,12,14–17 TCRs are rare and relatively short-lived. Quite

often, the existence of TCRs indicates the presence of a tem-
perature inversion layer above the top of the boundary layer,
which is favorable in the development of severe thunderstorm
systems.

While TCRs are currently viewed as a form of the soliton of
solitary waves propagating in the boundary layer, it is observed
that TCRs share a similar structure with the transversal Rayleigh-
Bénard convection embedded in a shear flow at a low Reynolds
number.4,18–24 Despite the dominant mode of longitudinal rolls in
a strong shear flow, previous analytical, experimental, and modeling
studies of the Rayleigh-Bénard thermal convection have shown that
the transverse Rayleigh-Bénard cells can emerge in narrow bounded
channels as a result of convective instability.21–24 As discussed in
the work of Muller et al., the competition between the longitu-
dinal and transversal rolls appears to be attributed to the lateral
boundary conditions. Specifically, the preference of the transversal
rolls is realized when the lateral sidewalls are included, whereas the
longitudinal mode tends to always emerge prior to the transver-
sal mode for an infinite domain. Regardless of the general dom-
inance of longitudinal rolls, the similarity between TCRs and the
transversal Rayleigh-Bénard convection in a low shear environment
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suggests that TCRs may be examined beyond the current framework
of linearized solitary waves.

It should be noted that although TCRs possess some similar fea-
tures as the Rayleigh-Bénard-Poiseuille transversal rolls in labora-
tory experiments, the transverse rolls are observed only for a certain
range of the vertical shear of mean flows and the Reynolds num-
ber.21–24 In contrast, both numerical and experimental investigations
on the Rayleigh-Bénard convection for the Couette and Poiseuille
shear flows showed that the onset of instability responsible for lon-
gitudinal convection rolls is stationary at the high Reynolds number
limit.18–20,24 As a result, the longitudinal mode of cloud rolls seems
to be more preferred in the atmospheric PBL and explains for the
more frequent emergence of cloud streets. Such a dominance of the
longitudinal rolls does not, however, preclude the existence of TCRs
for which our current understanding about the underlying dynam-
ics beyond the modeling and the linear stability framework is still
limited.

Recent progress in the transition dynamics developed by Ma
and Wang offers a potentially different framework to tackle the TCR
formation from a different standpoint.25–28 Specifically, they showed
that with sufficiently strong vertical shear imposed on the zonal
direction as well as a large vertical temperature gradient in the ver-
tical direction, density differences in a fluid can generate intricate
buoyancy-driven rolls that are manifested as boundary singularities
aligned along the direction of the flow.25–27,29 From this perspective,
the well-known longitudinal cloud streets may be understood as a
realization of the Rayleigh-Bénard convection along the mean flows,
as discussed in Ref. 14. How this nonlinear dynamical mechanism
can be applied to understand the formation of TCRs with the inclu-
sion of diabatic heating associated with roll cloud formation has not
been, however, explored.

Given previous results about the onset of TCRs that very much
resembles the structural bifurcation and phase transition, it appears
that the problem of the TCR formation can be examined from
the perspective of the structural bifurcation theory and transition
dynamics that we wish to explore in this study. An advantage of this
transition theory is that one can study necessary conditions for the
structural bifurcation to occur, from which we can analyze differ-
ent types of transitions as well as the topological structure of flows
beyond the classical linear stability framework. This approach has
been demonstrated to be a promising tool for studying nonlinear
dynamical transition phenomena such as Rayleigh-Bénard prob-
lems,25,26 Taylor problems,30 boundary layer separation,31–33 and
more recent applications in fluid dynamics.27,34–37

In this study, we wish to present a simplified model to under-
stand the formation of TCRs from the perspective of Ma and Wang’s
transition dynamics. By including the effects of latent heat release
associated with roll cloud formation, we will show that the TCR
formation experiences two dynamical processes consisting of (1) an
attractor bifurcation when the Rayleigh number is larger than a crit-
ical value and (2) a boundary layer separation behavior for some
specific threshold of the vertical wind shear, thus offering different
insights into the formation of transverse rolls.

II. A TRANSVERSE CLOUD ROLL MODEL
Given the structure of TCRs with their roll axes perpendicular

to the mean shear flow (see Fig. 1), we adopt the Rayleigh-Bénard

FIG. 1. A three-dimensional illustration of the transverse cloud roll model presented
in this study, assuming the orientation of the cloud roll axes along the y-direction
with a mean Poiseuille shear flow ū(z) oriented in the x direction.

convection model with the Poiseuille shear to study the TCR for-
mation.25,38 Due to the complication of the latent heat release asso-
ciated with roll cloud formation during the TCR development, the
Rayleigh-Bénard convection model needs to be, however, modi-
fied to take into account the latent heating effects. Assuming the
orientation of the TCR axes along the y-direction with the mean
flows oriented in the x direction as shown in Fig. 1 such that the
flow topology on each (x, z)-section exhibits same homogeneous
structure in the y-direction (see Fig. 1), we introduce a modified
Rayleigh-Bénard (hereinafter referred to as MRB) model under the
Boussinesq approximation on the (x, z) plane as follows:

Du
Dt
= − 1

ρ0

∂p
∂x

+ νEΔu,

Dw

Dt
= − 1

ρ0

∂p
∂z

+ g
θ
θ0

+ νEΔw,

Dθ
Dt
= Q + κEΔθ,

∂u
∂x

+
∂w

∂z
= 0,

(2.1)

where

u ≡ (u,w) : velocity field in the (x, z) plane,
p : pressure field,
g : gravitational constant,
θ : potential temperature,
νE : turbulent eddy viscosity,
κE : thermal diffusion coefficient,
Q : diabatic heating associated with cloud roll formation,
θ0 : a reference potential temperature at z = 0.

Note that in Eq. (2.1), D
Dt =

∂
∂t + (u ⋅ ∇) is the material derivative,

(u ⋅ ∇) = u ∂
∂x + w ∂

∂z denotes the advection operator, and Δ = ∂2

∂x2 +
∂2

∂z2 is the Laplacian operator. By definition, this MRB is defined on
a rectangle domain as follows:

Ω = [0, l] × [0, h],

where l is the horizontal domain size and h is the vertical domain
size. We note here the importance of a finite domain in this MRB
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model for transverse cloud rolls as it reflects the fact that transverse
rolls can only be realized for finite channels, as discussed in Refs. 22
and 24.

A quick inspection of the MRB model shows that this system
admits a steady-state solution of the following form:

ū(z) = − p0z2

2ρ0νE
+

hp0

ρ0νE
z,

θ̄(z) = θ0 −
θ0 − θ1

h
z,

w̄ = 0,

(2.2)

where p0 ≡ −∂p
∂x is the pressure gradient along the x direction and the

overbar denotes the steady state. This steady-state solution is partic-
ularly simple if one considers a case in which the pressure gradient
along the x direction is homogeneous such that p0 > 0 is a positive
constant. In this case, the mean flow ū given in Eq. (2.2) would cor-
respond to a shear flow with horizontal wind ū quadratically increas-
ing with height (see Fig. 2), while the potential temperature gradually
decreases from a value θ0 at z = 0 to θ1 at z = h. The mean flow ū(z)
has an expected parabolic shape as it captures the Poiseuille shear for
the transversal rolls.16,17

Due to the latent heating release associated with the TCR for-
mation, it is necessary next to properly represent the latent heating
effect in the MRB model. The full parameterization of the diabatic
heating term Q to account for the cloud latent heat release would
require a complete treatment of cloud microphysics, the moisture
equation, as well as parameterizations of various cloud type proper-
ties and moments. These details of the cloud formation processes do
not currently have any known analytical form that can be included in
our model. Because of this complexity beyond the scope of our work,
we present herein a simple closure for the diabatic heating effect by
employing the following simplified parameterization for the diabatic
heating term Q:

Q = λw, (2.3)

where λ is a proportional coefficient that governs the conversion of
water phase transition. Given a typical vertical motion within the
low-level cloud of 1–2 ms−1, and corresponding changes in tem-
perature in the order of 1–2 K h−1, the value of this proportional
constant λ ∼ 10−2 to 10−3 K m−1. Physically, (2.3) states that stronger
vertical motion would promote more cloud formation, thus result-
ing in larger latent heat release. Likewise, for descending motion,
evaporative cooling will consume the ambient heat, thus decreasing

FIG. 2. Illustration of the topological structure of the mean flow as given by the
steady state (2.2).

potential temperature. While this diabatic heating parameterization
is admittedly simple for the real atmospheric boundary layer, it could
capture to some extent the main physical effects related to the cloud
latent heating and will be hereinafter assumed. As will be seen later,
it turns out that the main diabatic heating effect is to shift the stabil-
ity threshold of the TCR formation but otherwise have little impacts
on the transition dynamics processes.

To close the system, the no-slip condition at the bottom bound-
ary and the free condition at the top boundary will be assumed for
the steady-state (2.2) such that

ū = 0 at z = 0, and
∂ū
∂z
= 0 at z = h, (2.4)

which are well approximated in real atmospheric conditions.

Remark. While the mean flow ū given in (2.2) has the same
expression as the Poiseuille flow, we stress that the mean flow (2.2)
satisfies the free boundary condition at the top boundary z = h instead
of the nonslip condition at z = h as for the Poiseuille flow (see Fig. 2).
The free boundary at the top of the PBL is necessary so that the mean
flow could approach the geostrophic wind in the free atmosphere as
expected.

To study the stability and related bifurcation of the mean
flow (2.2), we divide the total fields into the mean (ū, θ̄) and the
perturbation component (u′, θ′) as follows:

u = ū + u′, θ = θ0 + θ′. (2.5)

Unlike the traditional linear stability analyses that always assume
u′ ≪ ū such that a linearization can be carried out, we emphasize
that our partition (2.5) does not require this linearization. As will
be seen in the subsequent analyses on the central manifold, all non-
linear terms will be retained for our stability analyses on the central
manifold as discussed in Ref. 27.

Upon substituting this partition into the governing equation
(2.1) and neglecting primes for the sake of notation, the MRB system
for the perturbations is obtained as

Du
Dt

+ ū
∂u
∂x

+ w
dū
dz
= νEΔu − 1

ρ0

∂p
∂x

,

Dw

Dt
+ ū

∂w

∂x
= νEΔw −

1
ρ0

∂p
∂z

+ g
θ
θ0

,

Dθ
Dt

+ ū
∂θ
∂x
= κEΔθ +

(θ0 − θ1 + Hλ)
H

w,

∂u
∂x

+
∂w

∂z
= 0.

(2.6)

Introduce next a set of the following to nondimensionalize the MRB
system:

t = h2

κE
t∗, (x, z) = h(x∗, z∗), p = ρ0

κ2
E

h2 p∗,

u = κE

H
u∗, θ = (θ0 − θ1)θ∗,

(2.7)

where the asterisk denotes nondimensionalized variables. Substitut-
ing these nondimensional variables into (2.6) and hereinafter again
neglecting the asterisk for all variables for convenience, we obtain
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Du
Dt

+ βf (z)∂u
∂x

+ βf ′(z)w = PrΔu − ∂p
∂x

,

Dw

Dt
+ βf (z)∂w

∂x
= PrΔw −

∂p
∂z

+ PrR̂θ,

Dθ
Dt

+ βf (z)∂θ
∂x
= Δθ + (1 + λ̄)w,

∂u
∂x

+
∂w

∂z
= 0,

(2.8)

where

f (z) = (z − z2

2
), (2.9)

and R̂ = g(θ0−θ1)h3

θ0νEκE
is the Rayleigh number, λ̄ = hλ

θ0−θ1
is a nondi-

mensional number related to the latent diabatic heating (hereinafter
referred to as the diabatic parameter), Pr = νE

κE
is the Prandtl number,

and β = p0h3

ρ0νEκE
is a nondimensional parameter encoding the strength

of the Poiseuille shear, the pressure gradient of the mean flow p0, and
the contribution from the eddy viscosity. While both Rayleigh and
β numbers depend inversely on the eddy viscosity νE and diffusion
κE, these two numbers have different physical implications. Specifi-
cally, the effect of the vertical temperature gradient is contained only
in the Rayleigh number, whereas the effect of the horizontal wind
shear of the mean flows is contained in the β number. For a typical
atmospheric PBL, the Rayleigh number varies in the range of 10–
103, and the β number varies in the range of 10−2 to 1. Depending
on the values of these two numbers, the MRB could possess different
dynamical behaviors as will be shown below.

To simplify our analyses, let us make the transformation θ →√
1+λ̄

R̂ θ in the nondimensional MRB system (2.8) to obtain

Du
Dt

+ βf (z)∂u
∂x

+ βf ′(z)w = PrΔu − ∂p
∂x

,

Dw

Dt
+ βf (z)∂w

∂x
= PrΔw −

∂p
∂z

+ Pr
√

Rθ,

Dθ
Dt

+ βf (z)∂θ
∂x
= Δθ +

√
Rw,

∂u
∂x

+
∂w

∂z
= 0,

(2.10)

where a modified Rayleigh number R is now defined as

R = R̂(1 + λ). (2.11)

An important observation in the new system (2.10) is that the mod-
ified Rayleigh number R is now the key parameter governing the
transition dynamics, which incorporates both the classical Rayleigh
number and the latent heating effect via the diabatic parameter λ.

The transformation θ →
√

1+λ̄
R̂ θ is thus significant because it can

combine both the Rayleigh number R̂ and the diabatic parameter λ
into a single control parameter R in the system (2.10). Such a reduc-
tion thus allows us to drastically simplify our discussion and stability
analyses. The system (2.10) will be hereinafter referred to as the
nondimensional MRB model for our analyses of the transversal rolls,
in which R is the model control parameter. In these coordinates, the
model domain for Eq. (2.10) now becomes

Ω = [0, γ] × [0, 1], γ = l/h, (2.12)

and the corresponding boundary conditions for the perturbations
are reduced to

u = 0,
∂w

∂x
= ∂θ
∂x
= 0, x = 0, γ,

w = 0, z = 0, 1;

u = 0, z = 0;
∂u
∂z
= 0, z = 1;

θ = 0, z = 0, 1.

(2.13)

Remark. For the turbulent Prandtl number Pr , it will be
assumed herein that Pr ≈ 1 as in previous studies of the atmospheric
PBL turbulence.39,40 Because Pr = 1, the thermal eddy viscosity coef-
ficient κE will be therefore the same as νE. In a typical atmospheric
boundary layer, it should be noted that the eddy viscosity coefficient
νE varies in a wide range of 10–105 m2 s−1, depending on the mean
flows, stratification, and surface type in the PBL. For the specific set-
ting of transversal rolls that this study focuses on, we will consider a
relatively large value νE = 1000 m2 s−1 for both the vertical and hor-
izontal eddy coefficients in a well-mixed PBL. This large value of the
eddy viscosity can happen when the mean flow ū varies sufficiently
slowly with height in the PBL, which is permissible in the well-mixed
boundary layer.

A. First eigenvalue and eigenvector analyses
Following the standard procedure in transition dynamics, we

consider first the eigenvalue problem for the linear operator in the
MRB system (2.10) as follows:

PrΔu − βf (z)∂u
∂x

+ βf ′(z)w − ∂p
∂x
= ηu,

PrΔw − βf (z)∂w
∂x
− ∂p
∂z

+ Pr
√

Rθ = ηw,

Δθ − βf (z)∂θ
∂x

+
√

Rw = ηθ,

∂u
∂x

+
∂w

∂z
= 0,

(2.14)

whose boundary conditions are given by (2.13) and η is an eigen-
value. The corresponding dual eigenvalue system for Eq. (2.14) is
given as follows:

PrΔu∗ + βf (z)∂u∗

∂x
− ∂p
∂x
= ηu∗,

PrΔw∗ + βf (z)∂w
∗

∂x
+ βf ′(z)u∗ − ∂p

∂z
+
√

Rθ∗ = ηw∗,

Δθ∗ + βf (z)∂θ
∗

∂x
+ Pr
√

Rw∗ = ηθ∗,

∂u∗

∂x
+
∂w∗

∂z
= 0.

(2.15)

The solution (u∗, w∗, θ∗) to the dual system (2.15) will be used to
normalize the eigenvector (u, w, θ) by the identity

∫
γ

0
∫

1

0
(uu∗ + ww∗ + θθ∗)dx dz = 1.

The analyses of Eq. (2.14) will be significantly simplified if we
note that for a typical PBL depth, h ∼ 1000 m, ρ0 ∼ 1 kg m−3 and
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p0 ∼ 10−4 Pa m−1. It is then easy to see that the β number is ∼0.1.
Such a small value of β implies that the vertical wind shear of the
mean flow must not be too strong, which is viewed as a require-
ment for transverse cloud rolls in our MRB model. Mathematically,
a small β number is noteworthy because it allows us to consider the
contribution of β-related terms as a high-order contribution super-
imposed on Eq. (2.10). With β ∼ 0.1≪ 1, it is technically possible to
treat the MRB system with β = 0 as a zero-order approximation (i.e.,
no vertical wind shear) on which the nonlinear contribution related
to β ≠ 0 can be imposed. For β = 0, the first eigenvector of the linear
differential operator in (2.14) then satisfies

PrΔu − ∂p
∂x
= 0,

PrΔw −
∂p
∂z

+ Pr
√

Rθ = 0,

Δθ +
√

Rw = 0,
∂u
∂x

+
∂w

∂z
= 0.

(2.16)

We note that the first eigenvector is defined in the sense of an eigen-
vector that corresponds to the largest eigenvalue of the linear Lapla-
cian operator in (2.14). Because the spectrum of eigenvalues of the
Laplacian operator with a positive forcing is negative, the largest first
eigenvalue is therefore zero, i.e., η1 = 0.

It can now be seen directly from Eq. (2.16) that the zero-order
approximation with β = 0 is nothing but the classical Rayleigh-
Bénard thermal convection in the absence of the vertical wind shear,
which has extensively been studied in previous studies. As presented
in Ref. 4, the first eigenvector of (2.16) has the following form:

u(x, z) = 1
ak

sin akxU′(z),

w(x, z) = − cos akxU(z),

θ(x, z) = − 1
a2

k

√
Rc

cos ax( d2

dz2 − a2
k)

2

U(z),

(2.17)

where ak = kπ
γ , Rc is the critical value of R above which the system

(2.16) will possess the first positive eigenvalue, and U(z) is a function
of z that satisfies the following equation:

( d2

dz2 − a2
k)

3

U = −a2
kR0U,

U = ( d2

dz2 − a2
k)

2

U = 0, at z = 0, 1

U′ = 0 at z = 0; U′′ = 0 at z = 1.

(2.18)

In the explicit form, the function U(z) can be expressed as4

U(z) = sin A0(
z
2
− 1

2
) − f1(z) + f2(z),

f1(z) = B1 sinh A1(
z
2
− 1

2
) cos A2(

z
2
− 1

2
),

f2(z) = B2 cosh A1(
z
2
− 1

2
) sin A2(

z
2
− 1

2
),

(2.19)

where A0, A1, B1, and B2 are constants given by

A0 = 7.137 877, A1 = 9.110 819, A2 = 3.789 300,
B1 = 0.017 073 89, B2 = 0.003 456 45.

(2.20)

Note that in the above expression for U(z), Rc is not a free parame-
ter but is a critical Rayleigh number that is determined by the scale
ratio of the domain γ and boundary conditions. More precisely, once
γ is specified, there must exist a value k such that kπ

γ is consistent
with Rc as obtained from Eq. (2.18) and the boundary condition.
Indeed, a direct estimation of the eigenvalue of (2.16) shows that k is
proportional to γ, i.e., for each γ, k will be determined by

∣kπ
γ
− 2.682∣ = min

n∈N
∣nπ
γ
− 2.682∣, (2.21)

where the value 2.682 is derived from the boundary conditions (2.13)
as calculated in the work of Chandrasekhar.4 It is also seen from the
above expression of Rc that the first eigenvalue Rc of (2.16) is simple,
except for some discrete values of the aspect ratio γ = γk.4

We observe next another special property of the linear system
(2.16) in the absence of vertical wind shear (i.e., β = 0) that the flow
field is always nondivergent (i.e., ∇ ⋅u = 0). As such, the value Rc
can be considered as an eigenvalue of the linear system (2.16) under
the Leray projection. This observation is important as it allows us to
treat Rc as a limit of the more general eigenvalue of the linear system
(2.14). Indeed, denote the first eigenvalue of (2.14) as Rβ

c for β ≠ 0;
we then have

lim
β→0

Rβ
c = Rc. (2.22)

In Sec. II B, we will use this property and examine the attractor bifur-
cation of the mean flow (2.2) as the two numbers R, β vary under the
condition that β≪ 1.

B. Attractor bifurcation
As shown in Ref. 27, the classical Rayleigh-Bénard convec-

tion problem possesses an attractor bifurcation for a given critical
Rayleigh number Rc. Following Ma and Wang,27 we will show in
this section that the MRB model does possess a very similar prop-
erty, even when the latent heating and the vertical wind shear of the
mean flows are included. To this end, let us define functional spaces
H and H1 as follows:

H = {(u, θ) ∈ L2(Ω)3∣∇ ⋅ u = 0}, (2.23)

H1 = {(u, θ) ∈ H2(Ω)3}⋂H, (2.24)

where (u, θ) satisfy the boundary conditions (2.13), and define the
operators LR, Sβ, and G on the space H1 as follows:

LR = A +
√

RB,
Av = (P[PrΔu, PrΔw], θ),
Bv = [P(0, Prθ),w], (2.25)

Sβv =
⎛
⎝
P[− β(z − z2

2
)∂u
∂x
− β(1 − z)w,−β(z − z2

2
)∂w
∂x
],

−β(z − z2

2
)∂θ
∂x
⎞
⎠

,

G(v, v) = −(P[(u ⋅ ∇)u, (u ⋅ ∇)w], (u ⋅ ∇)θ),
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in which P is the Leray projection. Equation (2.10) is then rewritten
in the form of an operator equation as follows:

dv
dt
= LRv + Sβv + G(v), where v ≡ (u,w, θ). (2.26)

Let the parameters (λ, ε) in Ma and Wang’s boundary layer sepa-
ration theorem27 correspond to (R, β) in our MRB system, a direct
verification of the above operators shows that LR, Sβ, and G satisfy
the attractor bifurcation conditions. Furthermore, LR is symmetric
and

(G(v, v∗), v∗) = 0,

where G(v, v∗) is defined from (A5) as

G(v, v∗) = −(PL((u ⋅ ∇)u∗, (u ⋅ ∇)w∗), (u ⋅ ∇)θ∗).
Because it is known from the results in Refs. 25 and 38 that 0 is an
asymptotically stable steady state of the linear part of the equation

dv
dt
= LRv + G(v)

at R = Rc in the absence of vertical wind shear, the MRB system (2.10)
satisfies all conditions in Ref. 27. As a result, we have the following
two important theorems concerning the attractor bifurcation of the
general MRB system in the presence of β ≠ 0.

Theorem II.1. There exists a positive number β∗ such that for
any |β| < β∗, the MRB system (2.10) with the boundary conditions
(2.13) undergoes a continuous transition at (u, θ, R) = (0, 0, Rβ

c ).
Furthermore, the following results hold true:

(1) There is a neighborhood U ⊂ H of (u, θ) = (0, 0) such that the
system (2.10) bifurcates to an attractor Σβ

R ⊂ U for R > Rβ
c with

0 ∉ Σβ
R, which attracts U/Γ, where Γ is the stable manifold of

(u, θ) = (0, 0) with codimension m (1 ≤ m ≤ 2). Besides, the
dimension of Σβ

R is either zero or one.
(2) Each vR ∈ Σβ

R can be expressed in the form of

vR = v0
R,1 + wβ

R, lim
β→0
∥wβ

R∥/∥v
0
R,1∥ = 0,

where v0
R,1 = (u,w, θ) is the first eigenvector of Eq. (2.16) given

by (2.17).

Theorem II.2. Under the conditions of above theorem, if γ ≠ γk,
then the attractor Σβ

R of (2.26) bifurcated from (u, θ, R) = (0, 0, Rβ
c )

consists of two states, expressed in the form of

Σβ
R = {u

β
R,1,uβR,2},

uβR,1 = a1(R,β)v0
R,1 + o(∣a1(R,β)∣),

uβR,2 = −a2(R,β)v0
R,1 + o(∣ai(R,β)∣).

(2.27)

Furthermore, the coefficients in (2.27) are given as follows:

a1 =
√

b2(β) + 4a(R,β) − ∣b(β)∣
2c(β) + o(∣b∣, ∣β∣),

a2 =
√

b2(β) + 4a(R,β) + ∣b(β)∣
2c(β) + o(∣b∣, ∣β∣),

FIG. 3. The topological structure of the attractor bifurcating at the critical Rayleigh
number Rβ

c as the modified Rayleigh number R varies.

where

a(R,β) = σ(β)(R − Rβ
c ) + o(R,β),

σ(β) = η′1(Rβ
c)c(β),

c(β) = ∫
Ω
(v β

R,1 ⋅ ∇)Φ2 ⋅ v β,∗
R,1 dxdz + ∫

Ω
(Φ2 ⋅ ∇)v β

R,1 ⋅ v
β,∗
R,1 dxdz,

b(β) = −∫
Ω
(v β

R,1 ⋅ ∇)v
β
R,1 ⋅ v

β,∗
R,1 dxdz,

where v β
R,1 = (u

β
R,1,wβ

R,1, Tβ
R,1) is the first eigenvector determined by

(2.14), η′1 = 0 is the first-order derivative of the first eigenvalue deter-
mined by (2.14) with respect to the R, v β,∗

R,1 solving Eq. (2.15) is the
dual eigenvector associated with the v β

R,1, and Φ2 solves the equation
LRΦ2 = −(v β

R,1 ⋅ ∇)v
β
R,1 in which the operator LR defined in (A5). In

addition, the topological structure of the attractor bifurcation Σβ
R is

shown in Fig. 3.

The bifurcation diagram shown in Fig. 3 for the perturbation
flow u is especially interesting because it indicates that there now
emerge two new stable states uβR,1 and uβR,2 corresponding to the
clockwise and counterclockwise orientation of perturbation flows
when R > Rc

β, even in the presence of vertical wind shear (i.e., β
≠ 0, see Fig. 4 for an example of the clockwise orientation solution
uβR,1). While the modified Rayleigh number R is now proportional to
the Rayleigh number R̂ and the diabatic parameter λ, the bifurcation
diagram for the MRB model (2.6) with the effect of latent heating
included in the parameter λ is still the same when λ varies. In this

FIG. 4. Illustration of the topological structure of flows associated with the bifur-
cated solution for uβ

R,1 with k = 3 in (2.17). The other solution uβ
R,2 is similar but

with opposite flow orientation.
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regard, the main effect of the latent heating on the attractor bifur-
cation is to allow for the bifurcation to take place earlier than that
without latent heating (i.e., the actual Rayleigh number R̂ is smaller).
In this regard, the effect of the latent heating via parameter λ is to
destabilize the steady-state (2.2) and results in a new transitioned
state, even when the Rayleigh number R̂ is still below the critical
value Rc.

III. BOUNDARY LAYER SEPARATION
Theorems II.1 and II.2 presented in Sec. II B provide some

formal conditions for which an attractor bifurcation of the perturba-
tions (u, w, θ) occurs as well as the new stable structure uβR,1 and uβR,2
of the perturbation flows. In the absence of the vertical wind shear
(i.e., β = 0), these clockwise or counterclockwise convective rolls
within the PBL could alone offer some picture of TCRs if one notes
that the ascending branch between two rolls, as shown in Fig. 4, is
where the cloud is expected to form along the rolls. The distance
between the transverse cloud bands is therefore roughly the diameter
of the convective rolls illustrated in Fig. 4.

The presence of vertical shear (i.e., β ≠ 0) introduces, however,
a new type of behavior, the so-called boundary layer separation. To
illustrate this potentially new behavior, Fig. 5 shows the total flow

FIG. 5. Illustration of (a) the new stable perturbation flow uR ,1 after the attractor
bifurcation, (b) the mean shear flow ū, and (c) the total flow (ū, 0) + uβ

R,1 that

experiences a boundary layer separation if β is sufficiently small and R > Rβ
c

increases.

field (u,w)T = (ū, 0)T + uβR,i (i = 1, 2) after the attractor bifur-
cation for the case β ≠ 0. Similar to the classical boundary layer
separation of flows around a curve surface, there is potentially a
stagnation point due to the cancellation of the mean and the per-
turbation flows near the surface, where the flows must ascend due to
the incompressibility of the fluid and nonpenetrable surface bound-
ary. The emergence of these boundary layer separation points may
account for the formation of a string of transverse cloud rolls. In
this section, we will apply the results obtained by Refs. 38, 41, and
42 for the boundary layer separation of shear flows in the presence
of latent heating convection to understand further the formation of
transverse cloud rolls.

To this end, we will first introduce a formal definition of the
boundary layer separation for our subsequent analyses. Let Ω be a
bounded and open domain of R2. ∂Ω is Cr+1. TΩ is a tangent bundle
of Ω. Cr(TΩ) is the space of all Cr fields on R2,

Br
0(TΩ) = {u ∈ Cr(TΩ)∣∇ ⋅ u = 0,u∣∂Ω = 0},

where n and τ are the unit normal and tangent vectors of ∂Ω, respec-
tively. We follow Refs. 43 and 44 and define the boundary layer
separation as follows:

Definition III.1. In a neighborhood of x̄ ∈ ∂Ω, assume that u(x,
t) is topologically equivalent to the flow structure, as shown in Fig. 6(a)
for t < t0, but it is topologically equivalent to the flow structure, as
shown in Fig. 6(b) for t > t0. In this case, we state that the flow field
u ∈ C1([0, T]; B2

0(TΩ)) possesses a boundary layer separation at
(t0, x̄).

With the above definition and Theorem II.2, we have the
following result:

FIG. 6. Illustration of the total flow for (a) before the boundary layer separation
and (b) after the boundary layer separation for which a new total flow structure
develops at the location x̄.

FIG. 7. Illustration of the development of a vortex separated from the boundary
due to the emergence of boundary singularity at the location (xn, 0).
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FIG. 8. A topological structure of the flow after multiple
boundary layer separation events take place along the x-
direction, which are identified as the locations of transverse
roll clouds. Blue arrows denote the ascending branches
developed as a result of the boundary layer separation.
Transverse cloud rolls form along these branches, which
are denoted by blue ovals.

Theorem III.1. There exists β0 such that for any 0 < β < β0,
the following assertions hold true for the two solutions vR,i = (ū, 0) +
uβR,i(i = 1, 2), where uβR,i given in Theorem II.2:

(1) For vR,1, there is R1 > Rβ
c such that for Rβ

c < R < R1, its topo-
logical structure is equivalent to the shear flow (ū, 0) shown in
Fig. 2, while for R > R1, there is a unique vortex separated from
each boundary singular point (xn, 0) ∈ ∂Ω, shown in Fig. 7,
where xn is approximately given by

xn =
(4n + 1)π

2ak
.

(2) For vR,2, there exists a positive number b0 > 0 such that only
one of the following results holds true:

i. If b(β) < b0, there exists R2 > Rβ
c such that for Rβ

c < R < R2,
vector field vR,2 has the topological structure similar to (ū, 0)
shown in Fig. 2, while for R > R2, there is a unique vortex
separated from each boundary singular point (xn, 0) ∈ ∂Ω
of vR,2, shown in Fig. 7, where xn is approximately given by,
respectively,

xn =
(4n + 1)π

2ak
.

ii. If b(β) > b0, then for R > Rβ
c , its topological structure is

equivalent to that given in Fig. 8.
(3) There exists R3 > Ri(i = 1, 2) such that for Ri(i = 1, 2) < R < R3,

the topological structure of vR,i is shown in Fig. 8.

Proof. The proof can be found in the Appendix. ◽

As seen in the above of Theorem III.1, the existence of the mean
shear ū is critical for the development of the boundary layer sep-
aration. Without the vertical shear of the mean flow (i.e., β = 0),
Theorem II.2 implies then that the dynamical process is simply a
direct transition from the rest state to a set of traditional Rayleigh-
Bénard convection cells, and so no boundary layer separation could
develop. Note also in Theorem III.1 that the upper bounds R1 and
R2 are required to ensure the topological flow structure, as shown in
Fig. 8. In fact, for R ≫ R2, there may appear a new type of convec-
tive rolls between two consecutive locations xn and xn+1 near z = 1
that do not share any similarity to TCRs. Thus, the requirement for
Ri (i = 1, 2) in Theorem III.1 is necessary.

IV. DISCUSSIONS
From the mathematical perspective, the attractor bifurcation

and the related boundary layer separation in the MRB system in the
presence of vertical wind shear as dictated by Theorems II.1–III.1
are promising for the TCR formation problem. This is because these

theorems offer a different picture of the dynamical mechanisms for
the transverse roll cloud beyond the solitary wave framework. How-
ever, an important physical question that has not been discussed
so far is how practically these theorems can be realized in the real
atmospheric boundary layer. In particular, it is necessary to assess
the physical aspects of the criteria for the boundary layer separation
as established in Theorem III.1. Specifically, Theorem III.1 explicitly
indicates the locations where boundary layer separations may occur,
which are given by

xn =
(4n + 1)π

2ak
,

where ak = kπ
γ and γ is the ratio of the horizontal scale l of the

domain over the vertical depth h. As illustrated in Fig. 5, these loca-
tions can roughly be identified as the places where TCRs form inside
the domain [0, l] if and only if the location xn must lie within the
domain [0, γ], i.e.,

xn =
(4n + 1)π

2ak
< γ,

which is equivalent to

4n + 1
2k

< 1. (4.1)

Here, n denotes the number of vortices associated with the boundary
layer separation at the point xn.

While it may look at first that this condition is purely a function
of the domain topology, it should be recalled that k is a function of
the critical number Rc and so implicitly encodes the dynamics of the
MRB system. A rearrangement of (4.1) gives

k > 2n +
1
2
≥ 5

2
for (n ≥ 1) (4.2)

or

k > 3. (4.3)

The constraint (4.3) is important because it can be considered as a
requirement that the MRB system must possess such that the phys-
ical interpretation of the boundary layer separation as a mechanism
for the formation of transverse clouds is plausible.

To see if the condition k > 3 is realized in a real atmospheric
PBL, we consider a range of typical values for the PBL including
the PBL depth h ∼ 1000 m, ρ0 ∼ 1 kg m−3, p0 ∼ 10−5 Pa m−1, and
l ∼ 100 km. Given these scales, we obtain γ ∼ 100, β ∼ 0.01. The
condition (2.21) then gives k ∼ 85 with the corresponding critical
value Rβ

c ≈ 1100. For this set of parameters, the requirement k > 3 is
thus well ensured for the real PBL flow. Note again that in general,
γ, k, and Rβ

c are all constrained by the MRB system (2.14) [see also
Eq. (2.21)].
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Because of (4.3) and (2.21), it is apparent that the ratio γ should
not be too small, i.e., the horizontal scale must be much larger than
the vertical depth of the PBL. Otherwise, there would be no vortex
separating from boundary. In fact, (4.1) provides an estimation for
the number of transverse rolls as a function of k as follows:

n = [k
2
− 1

4
]. (4.4)

With k ∼ 85 as derived above, we have n ∼ [ 85
2 −

1
4 ] ∼ 41, i.e.,

there are about 40 cloud rolls within a horizontal domain of 100 km
long, which appears to be a good upper bound for the number of
transverse cloud rolls in reality.

The second question we need to address is the requirement for
Theorem II.1 to be valid. We note again that the proof of this theo-
rem is based on an assumption that β≪ 1, and the modified Rayleigh
number R ≡ R̂(1+λ̄)must be greater than the critical value Rβ

c . Recall
from the definitions of these two parameters that

β = p0h3

ρ0νEκE
, R = g(θ0 − θ1)h3

θ0νEκE
(1 +

hλ
θ0 − θ1

).

It is apparent from these expressions for β and R that the require-
ment of β ≪ 1 and R > Rβ

c can only be ensured if the horizontal
pressure gradient p0 is sufficiently small, while in the meantime, the
temperature gradient (θ0 − θ1) between z = 0 and z = h must be larger
than a critical value. Given the typical values of the atmospheric
boundary layer with h ∼ 103 m, ρ0 ∼ 1 kg m−3, 1/θ0 ∼ 10−2 K−1, λ
∼ 10−3, νE ∼ κE ∼ 103 such that the Pratt number Pr ∼ 1,39,40 one can
see that β < 0.1 only if p0 < 10−4 Pa m−1, and R > Rβ

c ≈ 1100 only if
(θ0 − θ1) > 10 K. These requirements for p0 and (θ0 − θ1) are again
reasonable in the real atmospheric PBL, thus confirming the appli-
cability of the transition dynamics in understanding the formation
of transverse roll clouds.

Physically, the requirement on the horizontal pressure gradi-
ent p0 is expected because a too strong pressure gradient in the
x-direction would generate a very large shear flow ū = βf (z), which
tends to favor the development of longitudinal rolls rather than
transversal rolls. Likewise, the vertical temperature gradient must
be sufficiently large such that convection can develop, thus promot-
ing the formation of the boundary layer separations that host TCRs.
One notices here the subtle contribution of the latent heat release
effect, which is represented by the factor λ. Apparently, the inclu-
sion of this latent heating would increase the Rayleigh number by
a factor of (1 + λ̄), thus supporting the TCR development, even
with relatively weak shear environment. Other than this shift in the
threshold of the Rayleigh number for the boundary layer separation,
the latent heat effect associated with cloud formation does not have
much impacts on the characteristics of either attractor bifurcation or
boundary layer separation processes.

V. CONCLUSION
In this study, the potential mechanisms underlying the forma-

tion of transverse cloud rolls (TCRs) in the atmospheric boundary
layer were examined in the framework of the dynamical transition.
Unlike the traditional approach to the TCR formation that is based
on the linear stability analyses, the formation of TCRs is considered
in this study as a manifestation of (1) an attractor bifurcation at some

critical Rayleigh numbers caused by a sufficiently large vertical gra-
dient of temperature and (2) the boundary layer separation related
to the presence of a mean shear flow. The main results derived from
these above analyses are summarized as follows (see Theorems II.1
and II.2):

(1) In the absence of vertical wind shear (i.e., β = 0), there does
not exist any boundary layer separation process in the system
(2.8). In this case, the attractor bifurcation given in Theo-
rems II.1 and II.2 is essentially the classical Rayleigh-Bénard
convection, with the Rayleigh number modified by a factor
proportional to latent heating during cloud formation;

(2) In the presence of weak vertical wind shear β ≠ 0 and β≪ 1,
there exists R1 > Rβ

c such that (2.8) exhibits the boundary layer
separation at R = R1. The ascending branches at the stagnation
points are linked to the TCR formation;

(3) For fixed β, if R < R1, the topological structure of flow is a
purely horizontal shear flow, as shown in Fig. 2, whereas for R
> R1, a new topological structure of the total flows, as shown
in Fig. 7, will develop, which describe the transverse cloud
rolls.

While the dynamics of TCRs contains many intricate features
related to nonlinearity feedback between dynamic and thermody-
namic processes, our proposed model for the transverse rolls based
on a modified version of the Rayleigh-Bénard convection model
could reveal a number of important features related to the transverse
roll formation. Specifically, by taking into account the effect of latent
heat release, explicit criteria for the TCR formation were obtained
from the modified Rayleigh-Bénard convection model. These cri-
teria allow for calculation of the number of transverse rolls as a
function of the domain ratio γ, the wind shear magnitude β, the
gradient of the horizontal pressure p0, and the vertical gradient of
potential temperature θ1 − θ0. The number of transverse rolls turns
out to be very sensitive to these parameters and may lead to no trans-
verse cloud rolls even when the system (2.10) undergoes an attractor
bifurcation. Specifically, the following two conditions must satisfy so
that the TCR formation can occur:

R̂ = g(θ0 − θ1)h3

θ0νEκE
(1 +

hλ
θ0 − θ1

) > 1100

and

β = p0H3

ρ0νEκE
≪ 1.

These two conditions, in conjunction with the criterion for a count-
able number of transverse rolls within a given domain as shown
by Eq. (4.4), can be used to directly examine the validity of our
transverse roll cloud model in future.
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APPENDIX: PROOFS OF MAIN THEOREMS
Proof of Theorem II.1 and Theorem II.2. We shall use results

presented in Ref. 27 to prove the above two theorems. In fact, we
only need to verify that the MRB system satisfies the necessary con-
ditions of the main theorems about the attractor bifurcation in Ma
and Wang’s boundary layer separation theorems.27 To this end,
(2.10) is first rewritten in the form of operator equation as follows:

dv
dt
= LRv + Sβv + G(v), v = (u,w, θ), (A1)

where the operators LR, Sβ, and G are defined as

LR = A +
√

RB, (A2)

Av = (P[PrΔu, PrΔw], θ), Bv = [P(0, Prθ),w], (A3)

Sβv =
⎛
⎝
P[−β(z − z2

2
)∂u
∂x
− β(1 − z)w,−β(z − z2

2
)∂w
∂x
],

−β(z − z2

2
)∂θ
∂x
⎞
⎠

, (A4)

G(v, v) = −(P[(u ⋅ ∇)u, (u ⋅ ∇)w], (u ⋅ ∇)θ), (A5)

in which P is the Leray projection. Direct verification of the above
operators shows that LR, Sβ, and G satisfy the attractor bifurca-
tion conditions in Ma and Wang’s boundary separation theorem.
Furthermore, LR is symmetric and

(G(v, v∗), v∗) = 0,

where G(v, v∗) is defined from (A5) as

G(v, v∗) = −(PL((u ⋅ ∇)u∗, (u ⋅ ∇)w∗), (u ⋅ ∇)θ∗).

Because it is known from the results in Ref. 25 that 0 is an asymptot-
ically stable steady state of the linear part given by

dv
dt
= LRv + G(v)

at R = R0, the MRB system (2.10) satisfies all conditions of Ma and
Wang’s theorem. As a result, Theorems II.1 and II.2 follow directly
from Ma and Wang’s theorem as stated.

Proof of Theorem III.1. From Theorem II.2, it is known that
as R > Rβ

c , (2.10) bifurcates from (0, 0) to two other globally stable
solutions together with corresponding shear flows given by

(ū, 0) + uβR,i, i = 1, 2.

Note that, for b(β) satisfying limβ→0b(β) = 0, Theorem III.1 will be
proven if we can show that there exists a structural bifurcation for
the following two vectors:

VR,1 ≡ (βf (z), 0) +

√
b2(β) + 4a(R,β) − ∣b(β)∣

2c(β) W,

VR,2 ≡ (βf (z), 0) −
√

b2(β) + 4a(R,β) + ∣b(β)∣
2c(β) W,

where

W = ( 1
ak

sin akxU′(z),− cos akxU(z)), (A6)

and U(z) is given by (2.17). We now prove the first part of this
theorem. Indeed for simplicity, let

δ =
√

b2(β) + 4a(R,β) − ∣b(β)∣
2akc(β) . (A7)

δ is an increasing function of R with δ = 0 at R = Rβ
c . Detailed

calculations give

∂VR,1

∂n
= ∂VR,1

∂z
∣
z=0
= (β + δ sin akxU′′(0), 0). (A8)

Hence, the condition ∂VR,1
∂n = 0 is equivalent to

β
U′′(0) + δ sin(akx) = 0. (A9)

Let δ0 = − β
U′′(0) , we then have

∂VR,1

∂n
∣
(
(4n+1)π

2ak
,0)
{≠ 0, δ < δ0,
= 0, δ = δ0. (A10)

The first part of Theorem III.1 is therefore true by simply applying
the structural bifurcation Theorems 5.3.6 and 5.3.7 in Ref. 45. That
is, we need to verify conditions (5.3.4)–(5.3.7) in the work of Ma and
Wang.45 To verify these conditions in Ref. 45, we employ the Taylor
expansion of VR ,1 at δ = δ0 as follows:

VR,1 = V0
R,1 + (δ − δ0)V1

R,1,

V0
R,1 = (δ0 sin akxU′(z) + βf (z),−akδ0 cos akxU(z)),

V1
R,1 = (sin akxU′(z),−ak cos akxU(z)).

(A11)

One can deduce from (2.19) that U′′(0) ≈ −24.7808.
More detailed calculations give

∂V0
R,1

∂n
∣
(
(4n+1)π

2a ,0)
= ∂V0

R,1

∂z
∣
(
(4n+1)π

2a ,0)
= (0, 0),

∂V1
R,1

∂n
∣
(
(4n+1)π

2a ,0)
= ∂V1

R,1

∂z
∣
(
(4n+1)π

2a ,0)
= (−24.7808, 0),

∂3(V0
R,1 ⋅ τ)

∂τ2∂n
∣
(
(4n+1)π

2a ,0)
=
∂3(V0

R,1 ⋅ τ)
∂x2∂z

∣
(
(4n+1)π

2a ,0)

= 24.7808a2δ0.

As a result, all conditions (5.3.4), (5.3.6), and (5.3.7) in Theorem
5.3.6 and 5.3.7 in Ma and Wang45 are realized. To verify the last
condition (5.3.5) in Ma and Wang’s theorem, i.e.,

Index(∂VR,1

∂z
((4n + 1)π

2a
, 0)) = 0, (A12)

we only need to check that the equation

∂(VR,1 ⋅ τ)
∂z

= δ sin akxU′′(z) + β(1 − z) = 0 (A13)
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has no solution on δ < δ0 in a small neighborhood of ( (4n+1)π
2ak

, 0) due
to the invariance of the index sum of singular points in a domain.
Take the Taylor expansion of U′′(z) at z = 0 as follows:

U′′(z) = U′′(0) + U′′′(0)z + o(z),
U′′(0) ≈ −24.7808, U′′′(0) ≈ 139.977;

then (A13) can be rewritten as

δ sin akx(U′′(0) + U′′′(0)z) + β(1 − z) + o(z) = 0,

which is equivalent to

δ
δ0

sin akx − 1 + (−139.977δ
β

sin akx + 1)z + o(z) = 0. (A14)

If δ < δ0, we know from (A14) that there exists a small neighborhood
Ωs of ( (4n+1)π

2a , 0) in which (A14) has no solution. Then condition
(5.3.5) also holds true. Let R1 be the number such that δ(R1) = δ0.
Using (A10) gives that R1 > Rβ

c . Therefore, from Theorems 5.3.6 and
5.3.7 in Ref. 45, we know that the MRB system (2.10) has a structural
bifurcation at R = R1 > Rβ

c .
With the above conditions ensured, the first assertion of

Theorem III.1 is valid if we can finally show that the vector field VR ,1

has no inner singular points for Rδ
c < R < R1, while it has a unique

singular point in each domain ( (2n+1)π
ak

, (2n+2)π
ak
) × (0, 1) for R > R1.

From U(z) < 0 in (0,1), we see that the singular point is ( (4n+1)π
2ak

, z),
where z is determined by the solution of the following equation:

F(z) = (z − z2

2
) +

δ
β

U′(z) = 0. (A15)

In fact, for δ > δ0 = β
−U′′(0) , we have

F′(z)∣z=0 = 1 +
δ
β

U′′(0) < 1 +
δ0

β
U′′(0) = 0, (A16)

which means (A15) has a unique solution in (0, 1). Thus, the first
assertion of Theorem 3 is proven.

For the second assertion, let b0 = akc(β) β
U′′(0) and denote

δ∗ =
√

b2(β) + 4a(R,β) + ∣b(β)∣
2akc(β) ; (A17)

one gets that

δ0 =
β

−U′′(0) > δ
∗(Rβ

c ), (A18)

for the case of |b(β)| < b0. Let R2 be the number such that δ∗(R2)
= δ0. Then, similar to the proof of assertion (1), part one of assertion
(2) holds true. If |b(β)| > b0, in a similar way, one can prove that
vector field VR ,2 has no inner singular points for R < R2, while it has
a unique singular point in each domain ( (2n+1)π

a , (2n+2)π
a ) × (0, 1)

on R > R2. This proves the second assertion. Given assertions (1)
and (2), the last assertion of the theorem thus follows naturally as a
combination of assertions (1) and (2).
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