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ABSTRACT

Scholarly consensus that social ties resolve social dilemmas is largely
predicated on common knowledge of networks. But what happens
when people do not know all relevant social ties? Does network un-
certainty translate into worse outcomes? I address these concerns by
advancing the notion of a Network Estimation Bayesian Equilibrium
(NEBE) to examine cooperative behavior under different epistemic
conditions. When networks are common knowledge, I find that all
possible outcomes of an original cooperation game can be realized
in equilibrium, albeit with a higher likelihood of defection for more
connected players. Variable knowledge of the network also has a dis-
tributional impact. With incomplete network knowledge, it’s possible
to observe reversed equilibrium behavior when more connected play-
ers actually cooperate more often than less connected ones. In fact, ag-
gregate network uncertainty in some social contexts incentivizes more
mutual cooperation than would be the case with common knowledge
of all social ties.
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1 INTRODUCTION

There’s ample consensus among many social scientists that "networks
matter"” due to their established impact on a wide range of individual
and aggregate outcomes (Burt, 2000; Pescosolido, 2007; Granovetter,
2005, Victor et al., 2018). To understand enabling mechanisms, social
scientists have also developed increasingly richer theories of strategic
decisions connect networks to significant aggregate outcomes (Cole-
man, 1990; Chwe, 1999; Goyal, 2007; Jackson, 2008a). Notwithstand-
ing this consensus and theoretical advances, we currently lack a sys-
tematic examination of the informational requirements of networked
strategic situations. Is it necessary for participants to have complete
knowledge of a network to obtain desirable outcomes? If not, what
are the implications of incomplete network knowledge for individual
and collective choices? This paper examines these general questions
in the context of two-person cooperation games with participants who
have variable knowledge of an exogenous network that shapes coop-
erative behavior. This initial focus on cooperation games paves the
way for new research on how aggregate network uncertainty affects
the ability of societies to resolve social dilemmas.

Indeed, broad interdisciplinary knowledge suggests that social con-
text enables necessary collective action to resolve social dilemmas.
Collective action generally refers to the ability of groups to cooper-
ate and coordinate (Olson 1965). Social dilemmas entail various situ-
ations that pit the interests of individuals against the public interest
(Shepsle, 2010). Among other social dilemmas, free-riding is a perni-
cious and pervasive phenomenon in many societies that has received
a lot of attention through the lens of cooperation or so-called pris-
oner’s dilemma games. Theoretical predictions for these games go a
long way in explaining the high incidence of free-riding. Yet there
is ample evidence that people can cooperate even when it is not ap-
parently in their best interest. Indeed, laboratory experiments have
consistently shown that some people cooperate when they should
not (Sell 2007).". These contrary findings are typically explained by
appealing to social preferences or players” broader concerns that at-
tenuate tensions between individual and public interests (Fehr and
Fischbacher, 2002).?> These arguments further call for greater consid-
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Similar results of higher than expected cooperative behavior appear in public goods
experiments that also exhibit a tension between individual and public interests (Os-
trom et al., 1994)

The theory of repeated games offers alternative explanations for cooperative behav-
ior based on trigger strategies to reward cooperation and punish defection over time
(Axelrod, 1984) This paper focuses on incentives to cooperate without the prospect



eration of social ties as determinants of altruistic and cooperative be-
havior (Brafias et al., 2010).

Networks are especially relevant because these are supposed to em-
bed social norms that encourage pro-social behavior (Elster, 2007; Os-
trom, 1990; Ostrom, 1998). Societies with extensive social ties are best
positioned to resolve collective action problems under a wide range of
mechanisms that include both instrumental and normative consider-
ations (Gould, 1993). More generally, Granovetter (2005) argues that
dense networks not only internalize cooperative norms but also gener-
ate trust that encourages other beneficial activities. Along these lines,
an emphasis on the positive contributions of networks mirrors and
reinforces related arguments about the benefits of social capital (Lin,
2001). Sobel (2002) notes that this is a contestable term, but there
is nonetheless widespread agreement that social capital is inherently
relational because it is embodied in the relations among persons” (Cole-
man, 1990).

Networks and social capital especially intersect through the lens of
collective action problems. Scholz et al. (2008) argue that collective
action requires solutions to two distinct problems: establishing cred-
ible commitments to cooperate, and researching solutions to novel
problems. And these collective action problems are directly impacted
by networks. So-called bonding social capital mitigates risks and free-
riding and is facilitated by dense networks. In turn, bridging capital
calls for expansive ties and network-mediated searches to find useful
information for coordinated problem-solving activities (Berardo and
Scholz, 2010).

It makes sense to consider networks because social interactions
don’t generally occur in a vacuum, devoid of any social structure (Gra-
novetter, 2005). And it’s plausible that networks can enable collective
action through norms and other behavioral mechanisms. However,
the implicit requirement regarding network and normative knowl-
edge requires further examination.3 To be sure, some scholars are
careful to delineate required knowledge for social structures that have
limited and local scope (Goyal, 2007, Manski, 2000; Young, 1998).
However, it’'s more common to advance arguments about dense net-
works and social capital with global scope that must be either well-
known or readily inferred. Indeed, the promotion and creation of
social capital is contingent on relevant audiences knowing the exact

of future interactions, but I discuss implications for repeated networked interactions
in concluding comments.

Many of these arguments have policy implications that call for the creation of ben-
eficial ties, so there is sometimes more emphasis on endogenous rather than the
exogenous networks in this article. Regardless, acknowledgment of incipient net-
work structures that require improvements is contingent on complete knowledge of
existing patterns.



social structures that enable desirable outcomes (Keefer and Knack,
2005; Stiglitz, 2000).

Overall, extant theory and policy advice suggest that contextual
factors—especially networks-are self-evident to all participants (Os-
borne and Rubinstein, 1994). Modern notions of networks conceive
them as relational structures (Wasserman and Faust, 1994). From this
perspective, assuming known networks implies that agents possess
complete knowledge of relevant patterns of social ties throughout so-
ciety. But this is not a trivial informational requirement because it’s
well known that the number of possible patterns increases exponen-
tially with the size of society.

Of course, the actual size of society matters, but a simple example
will illustrate that we face a general informational concern that spans
all scales. Consider a small society of 5 individuals with 10 distinct
pairs (dyads) that can be either connected or disconnected. These sim-
ple conditions already translate into 1,024 possible patterns of connec-
tions or distinct networks for what is arguably a fairly small group.
Adding a single person raises the number of distinct networks by a
factor of 2° to 32,768.4 It's not reasonable to expect that any member
of society will have exact knowledge of overarching relational pat-
terns under general conditions, especially within large contemporary
societies.

Does it really matter whether people know the networks that shape
collective behavior? We lack a clear answer to this question. On the
one hand, there is some indication that network uncertainty is not
always problematic. Some scholars have directly addressed this con-
cern within the larger economic literature on social learning (Cham-
ley, 2004). Societies are represented by a countably infinite set of
agents making sequential choices one person at a time (thus, social
interactions take place over an infinite time horizon). Agents have in-
formative private signals to aid their decision, but are not completely
sure that a particular choice will generate the highest payoff under
an unknown state. Sequential choices nonetheless offer the possibil-
ity of learning from the past behavior of other (presumably better
informed) actors. A big concern in this literature is whether "infor-
mation aggregation” is possible; namely, whether agents converge to
the best action. In that context, Acemoglu et al. (2011) examine so-
cial learning mediated by random social connections. Actual network
realizations condition exposure to other actors, and can thus induce
inefficient learning. However, all relevant information is confined to
independent neighborhoods, so it’s still possible for agents to learn

For a society of size n, the number of distinct dyads equals the Binomial coeffi-
cient (Tz‘) = n(n—1)/2; and each dyad can be in one of two states: connected or
disconnected.



the best action as long as network-mediated observations are not con-
fined to a small set of uninformative decisions.

Lobel and Sadler (2015) further examine social learning in a set-
ting with correlated neighborhoods where an agent can derive ad-
ditional information from knowing whether observed neighbors are
themselves related.> Aggregate network uncertainty induces different
beliefs about which actors are better examples to emulate, thus com-
plicating social learning but not entirely precluding it. With sufficient
connectivity and beliefs that minimize what they call "network distor-
tion", information can still diffuse and enable agents to learn up to
some expert level.

On the other hand, the positive results of social learning under ag-
gregate network uncertainty stem from a collection of agents who in-
variably want to choose the same correct actions with higher utilities.
There’s neither disagreement regarding this common goal nor are
there distributional consequences to social learning. Indeed, (evolv-
ing) information is a public good that is only partially limited insofar
as networks condition exposure to previous choices. Overall, this sit-
uation stands in stark contrast to the nature of social dilemmas where
not all individuals agree on desirable outcomes, suggesting that the
impact of network uncertainty plays a different role under more gen-
eral strategic conditions.

Indeed, there are strong reasons to believe that network uncertainty
is more likely to have negative consequences in the context of social
dilemmas. Herreros (2004), for instance, discusses how social cap-
ital is affected by mistrust caused by uncertainty about networked
participants. Chwe (1999, 2000) demonstrates that uncertainty about
neighbors” expected behavior limits the ability of groups to engage
in collective action, especially in coordinating large-scale responses to
resolve perceived social problems.®

Although we lack a general answer about the impact of network
uncertainty, it is clear that we need to be explicit about the exact ways
through which networks impact strategic behaviors. Along those
lines, this paper argues that explanations about the impact of social
networks on collective action must explicitly model the implications
of an added network structure to an existing social dilemma. Other-
wise, it might not be clear whether participants have requisite contex-

Required information effectively calls for knowledge of ego networks. These are
social structures built around a focal node (a so-called ego) and patterns of relation-
ships among its neighbors (so-called alters). See Perry et al 2018 for more details.
There are also statistical approaches that model uncertainty about underlying social
structures that appear similar (Hoff et al., 2002). However, the uncertainty is qual-
itatively diferent, involving a researcher’s inability to account or measure a latent
social structure that conditions individual behavior. Presumably, observed behavior
was still conditioned by social structures that were known to participants but are
hidden from researchers.



tual knowledge, especially in modern societies where agents operate
within multiple networks or fairly large network structures (e.g., so-
cial media networks where privacy features preclude full knowledge
of the underlying social network).

We are a long way from a general framework that adds network
uncertainty to all social dilemmas, but this paper makes two critical
contributions that move us in that direction. First, I add an explicit
social network dimension to canonical games of cooperation, which
effectively alters the original interaction with the possibility of multi-
ple games with variable numbers of participants. In my framework,
linked games are derived from existing social connections that intro-
duce extra rewards and punishments.” I find that complete knowl-
edge of the network does not guarantee mutual cooperation, but net-
works do enable more equilibrium outcomes with cooperation from
at least one player. However, networks are also more likely to produce
asymmetric equilibria where highly connected nodes themselves do
not cooperate, but their connections nonetheless compel other players
to cooperate.

My second contribution entails a direct examination of network un-
certainty, modeled with an underlying network generating process
(NGP) that randomly creates ties across society. Players have some
private network knowledge about their own ties, and they rely on
separate NGP beliefs to estimate unknown network features. I find
that equilibrium outcomes largely depend on whether players share
common prior NGP beliefs. When they share such beliefs, I obtain
symmetric outcomes that result in either mutual cooperation or mu-
tual defection, depending on a society’s expected connectivity. In
other epistemic scenarios, players need to form beliefs based on pri-
vate network information and partial knowledge of other parts of the
network.

Overall, my models indicate that network uncertainty does not in-
hibit cooperation in its own right if other favorable contextual con-
ditions are present. However, network uncertainty does impact in-
dividual behavior because I find that more connected players are
more likely to cooperate when they have limited rather than com-
plete knowledge of the network. Relatedly, my findings indicate that
network uncertainty affects the distribution of potential gains, thus

There is some related work on networks and collective action that focuses on en-
dogenous networks. They show that evolving social structures can affect a society’s
ability to cooperate or coordinate in the long run (Ahn et al., 2009). Raub et al.
(2013) also argue that endogenous networks that exchange information facilitate co-
operative outcomes. These results suggest that network uncertainty is not always
an impediment, but it's worth noting that their analysis involving a qualitatively dif-
ferent type of uncertainty (not knowing future networks) as opposed to a structure
that affects current payoffs.



having distributional implications that are absent from extant argu-
ments about the positive impact of social networks.

I derive these findings in the rest of this paper as follows. In
the next section, I describe relevant social context that can alter a
two-player cooperation game with the introduction of two network
mechanisms that respectively reward collaboration and punish de-
fection. I first examine these mechanisms under conditions of com-
plete network knowledge. A subsequent section introduces a Bayesian
game and a corresponding Network Estimation Bayesian Equilibrium
(NEBE) to examine the implications of aggregate network uncertainty
on cooperative behavior. I then proceed to examine NEBE predictions
under different epistemic scenarios with and without common prior
beliefs of an underlying network generating process. A final section
concludes.

2 HOW DO NETWORKS IMPACT COOPERATION
GAMES?

I show here that social networks matter for the study of cooperation
by transforming an otherwise one-on-one interaction between two
players into a new strategic situation with one-on-many social interac-
tions. To that effect, I first review the logic of cooperation dilemmas
with a baseline two-player cooperation game. I then introduce rele-
vant social context that augments this baseline game with additional
players and strategic considerations regarding potential network re-
wards and retaliations. I conclude by deriving a reduced-form net-
worked cooperation game for continued use in subsequent sections.

2.1 Baseline cooperation games without networks

The baseline interaction involves a game between two players i and j
with identical strategy sets S; = §; = {C, D}. Different simultaneous
choices to cooperate (C) or defect (D) produce the payoff combina-
tions U : §; x S; — R shown in Figure 1(a). Mutual cooperation and
mutual defection produce identical payoffs of M. and My, respec-
tively. In combinations where one player cooperates and the other de-
fects, players get respective payoffs for unilateral cooperation (U.) and
unilateral defection (Ug). I focus on the class of such games that obey
the following restriction on individual payoffs: Ug > M, > Mg > U..
This payoff structure identifies a canonical formulation known as the
Prisoner’s Dilemma that I henceforth identify as a Coop(i,j) game (Fu-
denberg and Tirole, 1991).
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(a) Normal form (b) Extensive form
Figure 1: Basic cooperation game

A classic result for Coop(i,j) games is a unique Nash equilibrium
prediction of mutual defection, {D, D}, due to incentives to deviate
from any cooperative options. If one player were expected to coop-
erate, the other player would rather defect to gain a positive extor-
tion premium e = Uy — M. If one player were to defect, the other
would behave similarly to avoid extortion and gain a = M4 — U,.
Given the symmetric payoff structure, defection is thus the unique
best response-indeed a dominant strategy—for each player.

Predicted behavior for Coop(i,j) games reveals a social dilemma
with major implications for collective action. On the one hand, both
players can generate a higher social utility of 2 - M, if they cooper-
ate. On the other hand, individuals have private incentives e and a
that encourage defection. In the end, individual interests prevail over
the public interest, so the socially (Pareto) optimal outcome is unreal-
ized. Not only do players generate a lower social utility of 2- M4, but
neither player obtains the highest individual payoff U,.

2.2 Social context and the impact of networks

2.2.1 Social context

In general, Coop(i,j) games occur under different social contexts or
states of the (social) world. A given state of the world includes more
agents in society besides i and j, along with some existing pattern of
social connections among them.

To define these underlying states, I first introduce a finite set of
agents I, ={1,2, ..., n} to represent a society of size n > 2. I use a dyad
(a pair of distinct agents or so-called nodes x,y € I,,) as the basic unit
of analysis to capture patterns of connections. We can thus build up a
network (structure) succinctly defined by the collection of dyadic ties
among nodes in I, where n also stands for the size of the network.



To simplify the presentation, I will henceforth use conventional matrix
representations of network structures (Wasserman and Faust, 1994).

Definition 1. A network (state) w is an element from the set ), that
includes all possible patterns of connections for a society of size n.
Any w € Q, can be represented as an n x n adjacency matrix or so-
ciomatrix w, where each entry is a 1/0 binary variable. If any distinct
agents x and y are connected, then wyy = wyx = 1.8

A particular Coop(i,j) game draws two distinct agents i and j from
I.. I refer to these players either as a focal dyad or focal nodes to distin-
guish them from the rest of society denoted by the set I,_i; = In \ {i,j}
with size n_j;. Given a particular network (matrix) w, the entry wy
determines whether the focal nodes are themselves connected. To cap-
ture connections with other agents, I identify a separate set of extrane-
ous alters or neighbors for each focal node: A" = {x € I,_jj|w;i = T}
and Aj‘” ={y € I—jj|lwjy = 1}. These alter sets will have niA =|AY[>0
and njA = IA]-W! > 0 elements, respectively.?

2.2.2 Collaborative Synergy

In the context of Coop(i,j) games, there are several reasons why co-
operation between connected parties might confer additional benefits.
As noted in the introduction, scholars generally emphasize several
benefits to social connections. Additionally, players can share a lan-
guage, know-how, or other mutual attributes with a synergistic im-
pact upon successful collaborations. Collaboration can also be a re-
warding experience in its own right. I capture these potential benefits
with a single synergy bonus by, > 0 that amplifies the payoffs of mu-
tual cooperation as follows: Mc(1 +wjj - by,). This is a network effect
with a narrow social context restricted to a focal dyad.

A network with wj; = 1 alters the original Coop(i,j) payoffs, so focal
nodes will already be playing a slightly different game in that case.
Additionally, this single connection can drastically alter the qualita-
tive nature of their interaction. If b, M. were to exceed the extortion

This is an undirected network that only accounts for the existence of a dyadic tie.
Therefore, w will be a symmetric matrix with (721) =mn(n—1)/2 distinct dyads, each
of which can take a value in {0,1}. The set Q, itself includes all combinations
of these dyadic values, ranging from the empty network w. (where all nodes are
disconnected) to the complete network wqy1 (where all nodes are connected). A
common measure of connectivity is the (relative)density of a network with support
[0, 1], equal to the ratio of actual ties to the total number of dyads. The extreme
worlds we and wq11 have density values of o and 1, respectively.

I use conventional terminology for ego networks, given the focus on two origi-
nal players and their respective connections. However, the network effects that I
posit for cooperation games are contained within players’ neighborhoods, so it’s
unnecessary to present a full characterization of ego networks that also includes
alter-to-alter ties.

10
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Figure 2: Collaborative synergy with a connected focal dyad

premium, then the Coop(i,j) game would be effectively transformed
into a coordination game with multiple equilibria that include both
mutual cooperation and mutual defection. To retain exclusive focus
on cooperation dilemmas, I henceforth assume the following bonus
restriction: 0 < by, < e/Mc.

To illustrate the collaborative synergy effect, consider a small soci-
ety with four actors, 14 = {i,j,3,4}. The related Figure 2a includes
an alternative representation of networks as sociograms, where nodes
are depicted by labeled circles, and dyadic ties by connecting lines.
Here, the network w; illustrates the general possibility of isolated
focal dyads. Additionally, Figure 2b shows an extensive-form repre-
sentation of w;’s corresponding networked cooperation game. These
game representations enable direct comparisons against the baseline
Coop(i,j) case in Figure 1.

As iand j are the only connected nodes, the two extraneous agents
are irrelevant, so these are not included in the corresponding exten-
sive form. Payoffs for outcomes involving defection are almost iden-
tical to Coop(i,j) game counterparts. However, mutual cooperation
payoffs have changed from M. to M.(1 + by), so even a single tie
within wj has indeed altered the original interaction, which I capture
with the following definition.

Definition 2. A collaborative synergy transformation changes the
individual payoffs for {C, C} in a Coop(i,j) game from M. to M.(1 +
Wyj - bw).

2.2.3 Solidary Retaliation

A second network effect stems from an extant logic of solidarity that
can increase the number of players, depending on focal nodes’ con-
nections. Here, I assume that all members of society are motivated by
a notion of solidarity that entails responsibilities to stand together
with connected agents that face a negative situation. Specifically,

1"
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alters are required to punish defection whenever a connected focal
node is affected, similar to a schoolyard fight scenario with one stu-
dents chooses to cooperate (not fight) but another defects (throws a
punch). Typical depictions include affected students surrounded by
bystanders, some of whom might be inclined to participate to defend
a friend.

Solidary retaliation is not constrained to small groups, however,
having wide applicability to larger-scale and more frequent social
dilemmas. For instance, Bates (2010) offers a sweeping historical ac-
count of many societies that have suffered from long-lasting feuds
driven by solidary retaliation. I denote the call for additional assis-
tance a solidary retaliation requirement that is only relevant when at
least one of the alter sets is non-empty. If those set size conditions are
satisfied, then the total number of participants can change from the
original two to a maximum of 2 + nf* + n]A players.

Assuming at least one alter, solidary retaliation will be both selec-
tive and variable. To explain selectivity, which determines participa-
tion requirements, I first define the set H = {h¢p, hcp, hpe, hpp} that
includes the possible outcomes from a Coop(i,j) game, with elements
indexed by the respective choices of players i and j. All available al-
ters can observe the behavior of focal nodes, an element of H, so they
know the history of play and assumed responsibilities.™®

In a subsequent stage, if A{" is not empty, player i’s alters target;
after histories hep and hpp. If Aj® is not empty, then player j’s own
alters simultaneously target i following histories hpc and hpp. Cu-
mulative penalties targeted at focal nodes will be then be determined
by the simultaneous choice of all affected alters, which occurs under
conditions of perfect information.

It’s possible for A;” and A" to overlap, in which case those common
alters would intervene after all histories excepting hcc. In the case of
mutual defection, they will target both i and j. Not doing so would
undermine the logic of solidarity in two major respects: (1) if they
didn’t intervene at all, they would disregard all social responsibilities;
and (2) if they only targeted one focal node, they would be showing
favoritism.

Alters are themselves strategic actors with actual behavior that de-
pends on their own-and only on their own—circumstances. Each al-
ter k chooses a strategy 1 € {0,1}, where 1, = 1 stands for re-
taliation. By retaliating, each alter k receives vy that represents an
idiosyncratic value from being individually responsible. However,
this action entails some effort, imposing a similar cost c that is com-
mon knowledge. Although alters move together, their respective pay-

If not through direct observation, alters could readily learn the outcome from focal
nodes who would be assumed to broadcast truthful reports to their own connected
agents.

12
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offs m are independent in the following sense: for any k € I,
7Tk(T‘k = 1,r_«|Vh € H) = v; —c¢ and 7Tk(T‘k = 0,r_¢|Vh € H) = 0.
A given alter k will only choose 1 = T under favorable circumstances
if ;e —c > 0.1

Solidary retaliation thus accumulates in additive fashion, so the
identity of third parties is irrelevant. We just need a count.

Definition 3. A solidary retaliation transformation takes as inputs a
Coop(i,j) game, and changes the sequence of the game and payoffs as
follows:

If A’ # (), then cooperation-stage histories {h¢p, hpp} extend
the game with the simultaneous retaliation choices of i’s alters
that generate a penalty Ri(w) = } ycaw Tk. Player j’s payoffs
in outcomes stemming from history hC[lj equal Up — Ri{(w). In
outcomes stemming from history hpp, player j’s payoffs equal
Md — Rl(w)

Additionally, if AJ?” = (), then histories {hpc, hpp} further extend
the game with the simultaneous retaliation choices of j’s alters
that generate a penalty Rj(w) = } ;. A® Tk Player i’s payoffs
in outcomes stemming from history hpc equal Up — Rj(w). In

outcomes stemming from history hpp, player i’s payoffs equal
Md — R]' ((1))

In addition to revised payoffs for focal nodes, each outcome
will include a payoff vector (uk)ke/\iwu;\jw that collects payoffs
for linked alters, ordered by their corresponding index in I,. Al-
ters with exclusive ties to either i or j get ux = max(m; —c,0).
Players that are connected to both i and j will have a u, =
max(2(m, —c),0).

To illustrate this second network transformation, Figure 3a shows
a network w; that produces A; = {3} and A; = 0 for the focal dyad.

There is a longstanding debate in the sociological literature regarding social solidar-
ity that lies beyond the scope of this paper, but nonetheless merits a brief discussion
because there are multiple perspectives (Hechter, 2015; Buchanan, 2019; Kornter
2004). On the one hand, there are rationalist notions of solidarity that suggest
that assuming common responsibilities is instrumental to obtain future assistance.
Relatedly, people in society might express solidary behavior because their interven-
tion precludes future risks and losses. On the other hand, there is a constitutive
or ideational notion that predicates compliance on a shared sense of identity irre-
spective of costs and benefits. The assumption of a direct cost (and conditional
participation on positive net benefits) places the logic of solidarity in this paper
within the rationalist camp. However, the subjective nature of 73 is itself consistent
with both motivations because the games analyzed here lack a future to assess in-
strumental considerations. Moreover, it's generally possible for instrumental and
identity considerations to be concurrently relevant (De Deken et al., 2006).

13
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Figure 3: Sample solidary retaliation with one exclusive neighbor

Under w;, a second stage is only enabled by histories where j has cho-
sen to defect (hence agent 3 can directly observe the joint behavior of
focal nodes). Notably, agent 3 does not react to i’s own uncooperative
behavior. Rather, it targets agent j with a penalty R;(w) = p.

Agent 3’s intervention changes the baseline Coop(i,j) game in two
significant ways. First, the original Coop(i,j) game becomes the first
stage of a sequential game with an additional player as shown in Fig-
ure 3b. Second, these added game features can change equilibrium
behavior. In particular, an applicable Subgame Perfect Nash equi-
librium (SPNE) depends on agent 3’s parameters that are common
knowledge.

In one case where ¢ > 73, agent 3 irresponsibly chooses not to
retaliate to obtain a zero payoff in retaliation subgames. Player j an-
ticipates no retaliation and thus chooses to defect. Defection is still
the best response for player i who is unaffected by agent 3’s behav-
ior. In the other case where 73 > ¢, agent 3 retaliates, so j anticipates
a penalty. With sufficiently high values such that p > e and p > a,
player j is induced to cooperate. Player i faces similar incentives to de-
fect, so we get a SPNE with different choices for focal nodes: i defects,
j cooperates, and agent 3 retaliates following j’s defections.

In contrast to wy, the network w; induces some cooperative be-
havior under the right conditions. However, we can interpret this
outcome as an extortion equilibrium because i takes advantage of j as
evidenced by their corresponding equilibrium payoffs of {Uq, Uc}.

2.3 Normal-form representation of networked cooperation games

The above examples already demonstrate that distinct networks can
affect the number of participants, payoffs, and the nature of the game
itself (from simultaneous to sequential choices). However, we are



12

O © O ©
© O ® O

(a) Empty network we, (b) Network w3 with extraneous ties
Figure 4: Not all networks change the baseline cooperation game

barely scratching the surface because despite the small society size,
there are 64 possible networks in the set of states Q4 per note 8. It’s
plausible that other network configurations will generate cooperative
behavior, but not always. Consider, for example, the networks shown
in Figure 4. The empty network we has a null effect on the origi-
nal interaction. With only two participants-the original players-we
replicate the mutual defection equilibrium of a Coop(i,j) game. More-
over, not all existing patterns of connections matter because we get
a similar equilibrium outcome under network w3 as for the original
interaction.

In the end, whether or not we continue to expect mutual defec-
tion becomes an empirical question requiring exact knowledge of the
underlying social network. Although extensive-form game represen-
tations clearly reveal differences from applicable network transforma-
tions, this is an impractical approach beyond fairly small societies.
As a less cumbersome alternative, I next derive a reduced normal-
form representation that can readily map collaborative synergy and
solidary retaliation transformations onto the original 2x2 normal form
matrix for any society size. This reduced form is motivated by recon-
sideration of focal nodes’ beliefs about potential retaliation.

2.3.1 How relevant is social solidarity?

Although possible in small societies, it’s unreasonable to expect that
any focal node knows whether other agents—-including own alters—are
willing retaliators.*® This situation prompts major concerns about the
social relevance of solidary retaliation, which warrants further expla-
nation. To address this concern, I start from the most problematic
epistemic scenario for focal nodes. Suppose that focal nodes find
themselves in a situation of incomplete information regarding private
retaliation benefits for linked alters. However, it's common knowl-
edge that these private types are independently drawn from the same
density function f(v) with support [0, vinax]. This separate knowledge

In fact, there is evidence that solidarity does not guarantee desired participation.
See Opp (2012) and Abell (1989).
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can result from long-term observations in a given society regarding
the actual manifestation of solidary behavior and proclaimed benefits.

This scenario is amenable to the formulation of a sequential Bayesian
game that generates the following equilibrium strategies that we can
carry forward as exogenous contextual conditions. Given singleton
information sets from observable histories, each activated alter-type
vk chooses 1 = 1 if v > c. Focal nodes need to incorporate this un-
known retaliation when deciding whether to cooperate. To that effect,
focal nodes can use the common prior distribution to readily calcu-
late a variable « = Pr(v > ¢) = 1 — fg f(v)dv, to form beliefs about
potential retaliation from any private type vi. Because payoffs are ulti-
mately affected by accumulated penalties, focal nodes can derive the
expected value of potential retaliation as a function of a contextual
factor « as follows:

Rw)=p Y #=p-(anf) (1)
keA

Rilw)=p > #=p-(an}) (2)
keA]?”

Expected retaliation will thus determine whether focal nodes coop-
erate, depending on the underlying social context that now includes
the social relevance of a logic of solidarity.”3 First, in societies where
Vmax < ¢, solidary retaliation is simply impossible, so focal players
won’t be deterred by potential retaliation. Given a corresponding
o = 0, they will both choose to defect. Second, if solidarity is some-
what relevant such that « > 0, whether focal nodes cooperate will
still depend on the combination of individual penalties p and alter
network sizes n{* and n]A. If any of these values is low, expected
retaliation might not be high enough to deter defection.

2.3.2 Collecting network effects

The piecemeal approach thus far enables separate identification of dis-
tinct network effects, which is a practical modeling strategy to grad-
ually accumulate the many impacts that networks can have on social
dilemmas. Once defined, I summarize the overall impact with a more
general formulation that embeds Coop(i,j) games within a particular
social context and its applicable effects. In particular, my formulation
below will generate a simpler depiction of networked cooperation
games in terms of normal rather than extensive-form representations.

Definition 4. Let G be the set of all possible Coop(i, j) games in a soci-
ety, with elements distinguished by the focal dyad {i,j}. A networked

I revisit the uncertain nature of this contextual parameter in concluding comments
regarding extensions to this study.
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Figure 5: Reduced-form networked cooperation game generated by

¢({i,j} w, o)

cooperation game generator is a function ¢ : G x Qn x & — T that
applies collaborative synergy and solidary retaliation transformations
to a Coop(i,j) game. A networked cooperation game y € I" includes
the original players and strategies along with context-specific payoffs
as shown in Figure 5.4

The set I is restricted to include only those games that result from
applying network transformations to a Coop(i,j) game, so ¢(-) covers
this whole range by design. However, we can quickly show that ¢ will
not be a one-to-one mapping by reviewing previous examples, hold-
ing constant the value of «. Let ypqse denote the original Coop(i,j)
game in Figure 1. This outcome occurs whenever focal nodes are iso-
lates, which is possible under multiple network configurations such
as we and w3 in Figure 4 (the only possibilities in a society with four
actors). Here, both ¢({i,j}, we, &) and $({i,j}, w3, ®) map onto the
same element Ypqse € I'.

Before closing this section, it’s important to note that ¢(-) wraps a
network around a particular dyad. We have seen that ¢({i,j}, w3, x) =
Yvase, but this same network produces a different outcome for other
players. If agents 3 and 4 were the focal nodes, then ¢({3,4}, w3, )
generates a different networked game equivalent to Figure 2b.

3 NETWORKED COOPERATION WITH MANIFEST
NETWORKS

Suppose now that the underlying network w is common knowledge,
an epistemic scenario of manifest networks. Given an interest on co-
operative behavior, I proceed to derive conditions that reverse the
dominant strategies of a Coop(i,j) game. To that effect, let Ryyin(w) =

To simplify the analysis in following sections, this reduced form does not show
the payoffs of retaliators because their equilibrium behavior is already accounted
for through the contextual parameter .. Their background behavior will generate
payoffs according to the detailed solidary retaliation transformation on page 13.
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max(e, a) be the minimum penalty that makes cooperation a domi-
nant strategy under all wj; Values With that retaliation threshold we
can derive a minimum number n ., that satisfies Riyin, = ocpnmm per
equations 1 and 2. Solving for nﬁlm, and rounding up to obtain a suf-
ficiently high integer value, we get the following cooperation threshold

in terms of alter set sizes:

R
Minin = i%p"i (3)

With this cooperation threshold, we can readily identify the follow-
ing Manifest Networks Nash equilibrium:

A A A o
If ¥ >n. andnit >n mm, then {s7, s).} ={C,C}
If nft >nj and nft <nf, , then {s},s!} = {C,D}

If n < nmm and niA >n then {s, s;} ={D, C}

mm 4

Otherwise, {s;, s)f"} ={D,D}.

Note that this equilibrium depends on network-related variables, «
and p through the n’\. cooperation threshold. This threshold goes
to infinity if either parameter approaches zero. But these parameters
do not have to be that low to preclude cooperation. If the value of
equation 3 exceeds n — 2, then mutual cooperation is impossible even
if the network were fully connected because that society is not suffi-
ciently large to produce requisite penalties. This situation occurs if
either solidary retaliation is not socially relevant (low values of «) or
defection penalties p are too small relative to deviation incentives e
and a.

Assuming nmm(oc, p) < n—2, then we can visualize the equilibrium
as a function of known alter set sizes, as shown in Figure 6. The un-
derlying context reflected by « and p is still relevant because higher
values decrease the cooperation threshold for both players, thus in-
creasing the prospects for mutual cooperation. Depending on the
actual location of the cooperation threshold, it is now possible for
all outcomes of the Coop(i,j) game to be in equilibrium. Note that
when the network is common knowledge, equilibrium behavior will
depend on the relative size of alter sets; and other things equal, simi-
lar behavior will require similar social structures. As n’*. gets close
to n — 2, the focal nodes will need to have similar numbers to en-
courage cooperation. It’s possible that the focal nodes are similarly
disconnected, in which case they will not be deterred from mutual
defection. With uneven number of ties, the behavioral symmetry dis-
appears: it is more likely that there will be an extortion equilibrium
that favors the player with more connections.
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EQUILIBRIUM BEHAVIOR UNDER AGGREGATE NETWORK UNCERTAINTY |
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Figure 6: Nash equilibrium with known networks as a function of coopera-
tion thresholds

4 EQUILIBRIUM BEHAVIOR UNDER AGGREGATE
NETWORK UNCERTAINTY

We explored before how a manifest network w can alter a Coop(i,j)
game by introducing known collaborative synergy and solidary re-
taliation effects. We have not seen, however, how the network gets
established in the first place. Neither have we inquired how partici-
pants learn requisite social context information. To investigate these
concerns, it will be helpful to reconsider the underlying sequence be-
hind networked cooperation in terms of this multi-stage process:

1. Social Context Determination stage: In a preliminary stage, a non-
strategic actor Nature chooses w and «. The value « is revealed
to all members of society, so it will be common knowledge.'>
However, knowledge of w will vary under several epistemic con-
ditions that will be defined below.

Technically, Nature draws retaliator types using the density function f(v). But
agents can readily derive-as if it were revealed— a summary variable « equal to
the probability of individual retaliation, which can be treated as a contextual vari-
able that is commonly known by all participants.
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2. Cooperation stage: Next, players i and j decide whether to co-
operate within the corresponding networked cooperation game
¢ ({1,j}, w, «). If both focal nodes have empty alter sets, the game
ends; otherwise, it proceeds on to the next stage.

3. Solidary Retaliation stage: Linked alters from the rest of society
decide whether to retaliate. Their decisions end the game.

By construction, our networked cooperation mapping ¢ ({i,j}, w, x)
condenses the cooperation and retaliation stages into a reduced-form
game that already incorporates equilibrium beliefs about the optimal
behavior of potential retaliator types. We can therefore focus atten-
tion on further specifications of the preliminary stage that incorporate
possible scenarios where agents might not be fully informed about
the underlying network w. To that effect, I first discuss connections
between alter sets and the underlying network to motivate plausible
epistemic scenarios. I proceed to discuss how agents handle network
uncertainty in order to form beliefs about opponents’ types. Finally, I
present a specialized Bayesian Nash Equilibrium notion that requires
separate beliefs to estimate unknown features of the underlying social
network w.

4.1 Network Generation Processes

Solidary retaliation enlarges the set of players by activating the focal
nodes’ respective alter sets, A;” and A;°. By definition, this participa-
tion is mediated by some w, so players require network information to
anticipate potential retaliation. If the network is not common knowl-
edge, then it will be crucial for players to have information about how
the network was established, which could then be used to forecast
retaliation. This informational requirement invites consideration of
network generating processes, which could be fairly specialized to
particular societies. I model this potential heterogeneity with a ran-
dom process that defines a probability measure on the set of social
states (),, as follows:

Definition 5 (Network Generation Process or NGP). A NGP for a so-
ciety of size n is a vector of (121) probabilities {05;}ijc1,, that generates
values for non-diagonal entries of a network (adjacency matrix) w,
where 0j; = Pr(wy = 1).16

Some readers might question that the unstructured collection in
Definition 5 is both too general and impractical, by requiring a num-
ber of parameters that increases exponentially with the size of society.
While acknowledging these concerns, this level of generality allows

16 Unspecified diagonal entries w;; have a constant zero value.
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me to make three points about the general difficulties of reasoning
about unknown networks.

First, agents indeed face a formidable task when they lack network
information if they need to reason about fairly complicated NGP pro-
cesses. Second, it’s not that analysts lack relevant information about
how people go about forming ties, but network formation mecha-
nisms vary widely across applications and disciplines. And it’s one
thing to incorporate known mechanisms and another for agents to
make decisions under conditions of network uncertainty. For exam-
ple, models of preference attachment that are popular in the study of
large networks (implicitly) assume that new nodes know the existing
structure or otherwise have requisite knowledge to readily identify
highly connected nodes (Barabasi and Albert, 1999). It’s neither clear
how agents might acquire requisite knowledge in all cases, nor is it
clear whether this or other particular NGPs would apply to all social
dilemmas.

Third, it is indeed possible to assume additional NGP structure
to incorporate substantive knowledge such as assortative connections
(homophily) and other network formation mechanisms (Lusher and
Robins, 2013). In fact, it is common practice—especially involving sta-
tistical analysis—to rely instead on joint probability models that im-
pose additional structure to generate networks with a smaller number
of parameters. Besides node attributes, it’s possible that new ties are
conditioned on existing network structure (Lusher et al., 2013). How-
ever, some but not all statistical or generative models have a clear
behavioral foundation (Jackson, 2008b).

All in all, we lack a baseline behavioral model to examine reason-
ing under network uncertainty under general conditions. To move
forward, I advance below two reasons to develop a baseline around a
specialized NGP where all dyadic probabilities are identical.

Definition 6 (NGP with identical, independent ties). A NGP (0) pro-
cess generates independent ties if it satisfies these two properties: (1)
independent ties: Pr(0|0;) = Pr(0y) - Pr(0y) for all distinct 1,j,k € I;
and (2) identical tie probabilities, Pr(0;;) = 0 for all distinct dyads in
[,.%7

4.2 What network knowledge do players have?

I make two general assumptions that hold for the rest of the paper.

Epistemic Assumption 1 (Private network knowledge). All nodes x € I,
know their corresponding row wy, in w.

As defined, this NGP(0) is also known as an Erd&s-Rényi random graph model,
where each possible tie is drawn from a Bernoulli distribution parameterized by
0el0,1].
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Private network knowledge is a basic condition that will generally
hold under all epistemic scenarios.'® In fact, this assumption is auto-
matically satisfied when the network is common knowledge. And it’s
otherwise reasonable to think that agents will know their neighbors
even if they lack knowledge of extraneous dyads.

Network uncertainty in this paper is therefore residual, extending
beyond an agent’s private network knowledge. The second epistemic
assumption handles that residual uncertainty by assuming that all
agents know the family of NGP processes that generated the un-
known network w that underlies a society. In particular, agents will
hold similar qualitative beliefs that all ties are independent random
variables. But, as will be explained below, they need not have identi-
cal quantitative beliefs regarding the true parameter 6.

Epistemic Assumption 2 (General NGP(0) knowledge). It is common
knowledge that w was derived from the family of single-paramter
NGP(0) processes.

This second epistemic assumption is defensible for several reasons.
First, not only is it easier for agents to reason about one dyad at a
time, but it is arguably more natural than thinking about more com-
plicated structures involving collections of dyads—including the whole
network-at a time. Reasoning about networks in terms of dyads is
consistent with the presentation of dyads as the unit of analysis to de-
termine social context. Second, even if (some) agents had the capacity
to do more complicated calculations involving other social structures,
we could argue that decisions in Coop(i, j) games could not be delayed
to perform required calculations. As either a time-saving or heuristic
device, agents could simply try to estimate particular ties.

4.3 Network beliefs and player types

By epistemic assumption 2, focal nodes have an underlying "network
belief" NGP(0) that all ties are independent and identically distributed
(i.i.d.) random variables drawn from some Bernoulli(0) distribution.
These beliefs are useful to reconstruct the rest of the network one tie at
a time provided that agents know (or can estimate) the key parameter
0.

Whether agents need to reconstruct the whole network will de-
pend on the underlying strategic interaction. In particular, the net-
worked cooperation games in this paper entail two effects that operate
through direct connections. These localized effects greatly simplify

I will later address this epistemic condition in terms of an agent x knowing her own
connections, thus the "private network" label. But, in fact, x also knows that she is
not connected to some other agent y if wyy = 0. Acemoglu et al (2011) and Lobel
and Sadler (2015) make similar assumptions for what they call neighborhoods or
network topologies.
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the task for focal nodes who only need to estimate their opponents’
alter sets, rather than the whole network. These alter sets A{" and
Aj’ are effectively the players” unknown types, each representing a
collection of connected dyads.

Under general conditions, agents would use their NGP beliefs to
predict particular ties between an opponent and other actors. The
nature of solidary retaliation lends itself, however, to an additive for-
mulation that facilitates reasoning for the focal nodes. In practical
terms, focal nodes can derive beliefs about the number of alters that
other players have, regardless of their particular identities. Although
these numbers depend on knowledge of alter sets, it will be more con-
venient to substitute a set-theoretic formulation with a derived type
space based on the size of alter sets.

By definition, both n{* and njA will take on an integer value from a
set T ={0,1,..,n— 2}. Specifically, given subjective beliefs 0; and 0;,
agents can reason that alter set sizes will correspond to i.i.d. random
variables with the following conditional probability distributions:*

Bi(n{'l6;, n_y;) ~ Binomial(n_y;, 6;) (4)

B)’(nﬁej,n_i)’) ~ Binomial(n_ij, 9]') (5)

These derived beliefs mean that the type of focal nodes can be esti-
mated as the number of "successes" (actual ties) in ny=n-2 trials,
where the probability of success is either 0; or 0;. For player i, the ex-
pected alter size of j will be ﬁ)A(Bi) = lE[njAlBi(n)Alei, n_y)] = 0;-n_y.
The corresponding value for player j is ﬁ{\(Bj) = E[n{\lBj (nf\lej, n_j)l =
Gj =P

4.4 Network Estimation Bayesian Equilibrium (NEBE)

Networked cooperation under aggregate network uncertainty derives
into a strategic interaction with the following components:

Two players: i,j € I,

a common action space A = {1,0} for both players, where 1
stands for cooperation.

Private types nf* and njA drawn from a common type space T =
{0,1,..,n—2}

Alter set beliefs Bi(njAIGi, n_y;), B; (n{\lej, n_j;) as defined in equa-
tions 4 and 5, respectively. If players receive information about

19 Note that these shown beliefs are not conditioned on a player’s own type because

the underlying NGPs also produce uncorrelated types.
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the underlying NGP process, we will further require that they
update their basic network beliefs 0; and 0; using Bayes” Rule.

Payoffs uj, u; : A x T are shown in Figure 5.°.

A strategy for each player collects cooperation choices from each
type: Gi(nf\) € A and oj (n]A) € A, respectively. The basic task for
players is to estimate unknown features of the underlying network w
using basic network beliefs regarding the underlying NGP. They then
derive beliefs about alter sizes to maximize expected utilities for each

player’s private type as follows.

Definition 7. In the Networked Cooperation Game y({i,j}, w, «), a

collection of strategies {((f{(nf\))nA T/ (G;‘(n)A))nA o1} is a Network Es-
i j

timation Bayesian Equilibrium (NEBE) if for each nf* € T,

() = arg max ui(ay, o

1
a; €A
n?eT

*

n;nd) - By(ndey)

)

and for each n]A eT,

G}‘(n{\) = arg (111.162% Z uj(aj,of(nf\);nf\) . Bj(nf\IGj)
! )n?GT

As defined, y({i,j}, w, @) is a Bayesian game. By requiring player-
types to maximize expected utility given their beliefs, NEBE defines
a specialized Bayes Nash equilibrium that is guaranteed to exist, per-
haps as a mixed strategy equilibrium. As was the case with mani-
fest networks, contextual parameters affect possible equilibrium out-
comes. If the cooperation threshold exceeds the maximum number
of alters, n — 2, then the only possible NEBE is one where all types
choose to defect. Notably, player’s payoffs are unaffected by their own
types, so we will be able to construct a NEBE where all types choose
the same strategy.

Assuming that n. < n—2, I now construct a pooling strategy
equilibrium based on the cooperation threshold n?. . To that effect,
let 1[E] be an indicator function that equals 1 when the argument E is
true, and consider the strategy profile o}001eq consisting of (Gi(n{\) =

AR (Bo) > ninllpacr and (0(n) = 1AL (By) > i lnacr-

20 In general, payoffs can depend on all player-types. Typically, these payoffs only

incorporate own payoffs, but here player’s alter sets do not impact own payoffs.
Instead, payoffs will depend on another player’s types due to the nature of solidary
retaliation. An alternative interpretation is consistent with typical assumptions if
we think of the unknown retaliations as a player’s own type. For example, player i’s
type would be defined by n]A, and vice versa for player j. Under this interpretation,
however, focal nodes would not know their own types. However, they can still use
the same beliefs to predict their own type.
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Claim 1. The strategy profile opooteq is @ Network Estimation Bayesian
Equilibrium.

Proof. See appendix. O

I explore this pooling equilibrium below under different epistemic
scenarios. To simplify the notation, I henceforth identify the collection
of type-specific optimal strategies by a single pair of representative
strategies for each player’s respective types:

(or (), 05 (P} = {1 [A}(BY =i | 1 [A1B) > ndi] b 6)

5 NETWORKED COOPERATION UNDER DIFFER-
ENT EPISTEMIC SCENARIOS

I examine cooperative behavior under the following scenarios that
gradually relax knowledge of the underlying network structure:

Common NGP prior: NGP(0) is common knowledge.

Uninformative NGP priors: The actual NGP(0) is not common
knowledge, but agents have prior beliefs about 6.

Uninformative NGP priors with k-supplementary network knowl-

edge: In addition to prior beliefs about 0, agents can learn a frac-
tion k of extraneous dyads beyond their private network knowl-
edge.

5.1  NEBE with common priors

I previously assumed that participants knew the underlying network
w. That assumption might hold in fairly small societies, but not under
more general conditions with variable network sizes. I examine here
an epistemic scenario where the network itself is no longer common
knowledge.

Consider a situation in which players know the NGP(0) that gen-
erated that society’s network, w. This scenario captures a situation
where there is ample historical evidence to reveal the overall connec-
tivity or potential for (dyadic) ties in society, so the parameter 0 is
common knowledge.

We can readily substitute the common parameter 6 = 0; = 0;
into conditional belief equations 4 and 5 to derive identical estimates
ﬁ].A(Bi) = ﬁ]A(Bi) =0 (n—2). In turn, these estimates can be plugged
into the equilibrium strategy conditions of equation 6. Rearranging
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terms within the indicator functions results in this equivalent equilib-
rium formulation in terms of the known 6:

n—2 n—2

A A
{of(n), of (nf)} = {IL [9 > nmi“] 1 [9 > nmin] } )

Under this epistemic scenario, we get a symmetric equilibrium where
both players choose the same strategy. As was the case with manifest
networks, if nﬁlm > (n—2) then there is insufficient retaliation within
the whole network to induce cooperation, so we predict mutual de-
fection. However, if n’}. is not too large, then both players will have
an incentive to cooperate in societies with a sufficiently high connec-
tivity parameter such that 0 > nﬁﬁn/ (n—2). If nﬁﬁn = n— 2, then
only a complete network with density 1 will work. With low-density
networks with few connections, reflected in a common prior 0 below

that ratio, then both focal nodes will defect.

5.2 Social Projection NEBE with uninformative priors

A more interesting case arises when the actual NGP(0) is unknown. In
this case, players will need to form beliefs about the underlying key
parameter. This analysis will use a Beta-Binomial model to derive
updated priors about 0 from available information.

To this effect, I refine the preliminary Social Context stage with
an additional step for Nature. Previously, I noted that Nature de-
termined w € Q, without further specification. I now model that
state selection by letting Nature make a random draw of 0 from a uni-
form distribution with support [0, 1]. This is equivalent to saying that
0 ~ Beta(1,1), a case of uninformative priors because all possible val-
ues of 0 are equally likely. Without additional information, the best
prediction for players is to assume that for any extraneous tie wyy,
with x,y € {i,j}, the events wyy = 0 and w,y = 1 are equally likely a
priori: éi,O = éj,O =E(@®©)=1/2.

However, per the first epistemic assumption, any agent x gains
nNEW — n 1 pieces of information regarding the actual values of wyy
involving other actors k € I,,. Suppose that this agent also sees ty ties,
which will be useful to get an updated belief 6, ;. Using Bayes’ rule
to update the Beta(1,1) prior distribution with these new observa-
tions derives into a Beta-Binomial model that generates the following
posterior beliefs about 0 for any agent x:**

01t N"NVEW ~ Beta(t; + 1, nNEW — ;1) (8)

The posterior mean from the derived probability distribution 8 equals
E[0y1/ty, n"NEW] = (tc +1)/(nNEW + 2). Focal nodes observe wy; in ad-

21 See Gelman et al. (2003), chapter 2.
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dition to their respective n{* and n]A actual ties. They can therefore
update their previous estimates as follows:

é- B ti+1 _wij+n{\—|—1 ()
MTANEW 12 T T 9
.. A
6. — t+ 1 :wu-l—n]- +1 (10)

T nNEW 4 ) n+1

Substituting these posterior beliefs for a previous common prior
results in this NEBE:

A nA. A nA.
(o7 (n), o7 () = {1 [eﬂ > n”j;] 1 [9” > n”j;] CEY
Note that each representative player-type strategy depends on own
connections. I call this outcome a "social projection" equilibrium be-
cause players rely on their own ties to estimate the underlying 0 pa-
rameter. Also, in contrast to the case of common priors where dis-
similar alter set sizes did not matter (n{\ #* n].A), this second epistemic
scenario will introduce asymmetric responses that are more likely to
result in extortion, depending on the required n?. . Other things
equal, more connected players will produce higher estimates that en-
courage cooperation (aéu / anf\ > 0, aéﬂ / an;\ > 0 ). In contrast, less
connected players will tend to think that opponents lack enough sol-
idary retaliators to preclude defection, and act accordingly with their
own defection.

5.3 NEBE with supplementary network information

I now examine a scenario in which players obtain additional informa-
tion about the rest of the network. I parameterize this extra knowl-
edge with a variable k € [0,1] that enables some player y to see the
connections of a subset Ky(w) C I,y with Kgbs = k(n —2) agents.”?
For example, player i can readily check how many elements of K;(w)
have ties to player j, a quantity denoted by nJ!( '. This scenario entails
availability of a separate mechanism or space that enables agents to
make additional observations. For example, players i and j might
interact in a densely populated area where they can readily confirm
some extraneous ties (or lack thereof). The case of k = 0 is a special
case where that extraneous information is unavailable.

Players will update prior beliefs similarly to the previous epistemic
scenario. We just need to account for relevant changes in acquired

The variable « is continuous, so the resulting set size Kgbs is rounded up to the
nearest integer.
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information. Player i now gains access to n{\,'KEW =n— 1+ K obser-
vations that result in t; . = wy; + n{\ + nfi manifest ties. Player 1 still
has to estimate a residual number of ties among K[t = n —2 — K9bs
agents not included in Kj(w). Player i can estimate this residual quan-
tity by pooling all available information to derive this new posterior
distribution: 0;1[t; ~ Beta(t;, + 1,nT§EW + 2) with posterior mean
(tix+1)/ (n]i\‘fw + 2). Conditional on known quantities, player i’s fi-
nal estimate for j’s total number of connections will then be:

AN (Ki(w)) =n 4 6y - K[t (12)
Player j incurs similar calculations to derive an estimate 0;; =
(tjc+1)/ (nNEW 1 2). Her final estimate regarding i’s alter set is:
A Kj | A
n{\(Kj(w)) =n." +0;, -K]TeSt (13)
This time we characterize the equilibrium in terms of these esti-
mates as follows:

(of, 07y = {1 [Ad (Ki(w)) = nhin |, 1 [AA G (@) = ndin] b ()

If KI*' = 0, then player i just needs to compare known nJKi to

the threshold nfl\lm as in the case of manifest networks. Similarly, If
K]TeSt = 0, then player j just compares n?j to the threshold to decide
whether to cooperate.

Beyond the case of manifest networks, supplementary network in-
formation reduces uncertainty, so players will be better positioned to
assess the credibility of solidary retaliation. Whether or not players
cooperate will largely depend on the actual connectivity of the social
network. In highly connected societies, players are more likely to find
opponents with sufficiently large alter set sizes, so more knowledge
will confirm the need to cooperate to avoid punishment. Under sparse
networks, however, players will readily know that they can get away
with defection.

5.4 Discussion on the impact of manifest and unknown networks

I discuss here the implications of different epistemic scenarios, start-
ing with a quick review of networked cooperation with manifest net-
works. In that setting, the actual NGP(0) was irrelevant for strategic
purposes because players possessed all relevant information. How-
ever, the underlying state does impact the possibility of cooperative
outcomes with important lessons for our understanding of social dilem-
mas. Given a known NGP(0), we can derive the conditional probabil-

ity of individual cooperation as p. = Pr(o} = 1|ngm) = Pr(Bx(n —

28



23
24

2,0) > nl, ).3. Since alter sizes are independent, the joint proba-
bility of mutual cooperation therefore equals p2. Similarly, the joint
probability of unilateral cooperation and defection that occurs with
mismatched choices equals 2 - p. - pq. Finally, both players defect with
joint probability p3.

Figure 7 illustrates two general implications for probable equilib-
ria with three sample scenarios from a society where two focal nodes
co-exist with 20 additional agents.>* First, as we move across panels,
we see an intuitive result that higher thresholds require more con-
nected societies (with correspondingly higher 8’s). Second, a more in-
teresting result stems from the vertical lines that identify 0 values that
would generate expected alter sizes equal to the applicable threshold.
In general, these enabling 6 values do not guarantee mutual cooper-
ation because that separate function requires more connectivity for
optimal outcomes to be the only option. What is more likely to hap-
pen within a wide neighborhood surrounding enabling © values is
for one of the players to defect while the other cooperates (this out-
come is reflected by the higher probability for either {C, D}or{D, C}
outcomes). These observations reiterate the notion that networks mat-
ter, but closer attention to the underlying NGP further reveals that
actual connectivity will condition which possible outcomes are most
likely to occur.

The impact of aggregate network uncertainty depends on partic-
ular epistemic conditions. In the first scenario, which is commonly
assumed in the social learning literature, uncertainty need not be an
impediment to cooperation. As long as agents know the common
prior, they will be incentivized to cooperate if associated beliefs sug-
gest sufficient connectivity. In fact, agents will ignore their own pri-
vate knowledge because their own ties might actually mislead them
by suggesting fewer or more connections than would be expected
from common priors. I relaxed this assumption in subsequent sce-
narios where players could disagree on regarding underlying NGP
beliefs. The implications of these scenarios is illustrated by Figure 8
that plots belief updating equations for the same sample society of
two focal players and 20 additional aters.

This figure shows posterior beliefs as a function of supplementary
network knowledge. The line for k = 0 corresponds to revised beliefs
that underlie the social projection NEBE based on private network
knowledge of n — 1 ties. As network knowledge increases, there is
the possibility of observing up to 2n — 3 dyads, so the slope of belief
update functions changes accordingly, becoming less steep as shown

AT m—
Nin) itself equals 1 — 2:5“ (“kz)eku —g)n27k,
Each panel corresponds to a different cooperation threshold. The horizontal axis
captures the overall connectivity in society as determined by the parameter 0. The
vertical axis measures the conditional probabilities of various outcomes.

Pr(Bx(n—2,08) > n?
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Figure 7: Outcome Probabilities with common NGP(0) priors that vary
along the horizontal axis. Each panel shows a different threshold.
The darkest curve tracks the probability of mutual cooperation.
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NETWORKED COOPERATION UNDER DIFFERENT EPISTEMIC SCENARIOS |

Updated beliefs

Q 10 20 30 40

Observed ties

Figure 8: Network belief updates as a function of partial network knowl-
edge that varies along the horizontal axis. Darker lines represent
partial knowledge. The dotted line indicates complete network
knowledge.

for the cases of k = 0.5 and k = 1.?5 Each new observed tie receives a
lower weight for belief updating purposes.

Overall, this pattern indicates that more knowledge will generally
make it more difficult for agents to produce high 6 values when both
players have similar partial information, a common k. Reducing net-
work uncertainty thus inhibits cooperation. However, we can also
incorporate some heterogeneity where agents differ in terms of « val-
ues. Under more general epitesmic conditions, we would again ex-
pect more informed players to be less cooperative (unless they oper-
ate in highly connected societies). In contrast, less informed agents
will be more sensitive to any observed ties—especially their own-and
thus more readily form beliefs that encourage cooperative behavior.
These informational asymmetries in sparse networks will generate ex-
tortion equilibria where more informed players take advantage of less
informed ones. As was the case with variable connections under man-
ifest networks, variable network knowledge will itself have distribu-
tional consequences.

This extreme case with k = T means that an agent already has complete knowledge
of the actual state w, so derived posterior beliefs do not affect strategic decisions.
Regardless, this information improves estimates of the actual NGP that generated
the observed network w.
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© CONCLUSION

This paper examined the impact of manifest and unknown networks
on social dilemmas through the lens of cooperation games. I de-
veloped a general framework to embed these games within a net-
work structure that alters the original interaction with revised pay-
offs and more players induced by networked-mediated collaboration
gains and penalties. I first examined the impact of networks when
these are common knowledge, finding results that deviate from con-
ventional analyses of cooperation insofar as social networks can have
both positive and negative consequences. One positive consequence
was the increase in social utility with respect to a situation of mutual
defection. However, a negative consequence is that social networks
add structural heterogeneity that allows connected players to exploit
disconnected players.

I then examined the consequences of network uncertainty with a
Bayesian game formulation that motivated a Network Exploration
Bayesian Equilibrium (NEBE) notion requiring players to make opti-
mal decisions based on beliefs regarding the underlying network gen-
erating processes that created unknown networks. In general, I found
that network uncertainty is not an impediment to cooperation. To the
contrary, more knowledgeable actors can find it more difficult to co-
operate if they realize that they operate in societies that have sparse
networks. I also found that network uncertainty raises equity con-
cerns regarding the distribution of potential gains because it allows
connected players with limited network knowledge to be exploited by
more knowledgeable actors.

The results discussed in this paper are specific to a particular social
dilemma game subject to specific network transformations. However,
future work can readily extend this study in many fruitful directions.
For example, we could further explore the consequences of relaxing
the assumption that collaborative synergy cannot guarantee coopera-
tion on its own, which introduces novel strategic considerations that
include multiple equilibria. Additionally, the approach in this paper
that collects multiple effects in algorithmic fashion can be readily ex-
tended to other social dilemmas beyond free-riding that incorporate
other network effects.

Another relevant extension entails modeling repeated networked
interactions to directly engage the literature on repeated games that
suggests other conditions to induce cooperation. Such an extension
would require consideration regarding the collective memory of net-
works and how these transmit useful information to incentivize ongo-
ing cooperation. Additionally, adding dynamics enables reconsidera-
tion of the contextual parameter « that captures the social relevance
of solidarity retaliation. With repeated interactions, there might be op-
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portunities to update beliefs about extant solidarity itself, thus paving
the way for an enhancing understanding of the impact of networks on
social dilemmas that addresses two distinct types of uncertainty: (1)
what is the actual network (the subject of this paper); and (2) how
networks actually shape behavior. That is, network mechanisms need
not be common knowledge, so how can players know the exact net-
worked game they are playing? How do they know whether certain
norms will apply if these are mediated by unknown networks?
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APPENDIX

6.1 Proof for Claim 1

Proof. Take any n{* € T to derive an optimal strategy from player i’s
perspective. By assumption, player j’s types are themselves playing

a pooled strategy, so either G{‘(njA) = 0 or o} (nJ ) =1 for all n eT.

We want to show that nf* will cooperate under both scenarios 1f the
expected value n]A( Bi) exceeds the cooperation threshold.

Case 1: G{‘(njA) =0

In the first case, ]E[ui(ai(nA) = 1)|B~(nA|6U n_j;)] = Uc. Given linear
payoffs in terms of alter set sizes, E[ul(cl(n ) = 0)|Bi(n ].A|ei, n_y)l =
My ; xp - nJ A(Bi). Let a = M4 — U,. Player-type n{\ will then cooper-
ate if:

AN (By) > a/ap (15)

Case 2: O'f(n]A) =1

In this case Ef[ui(o;(n {\) = 1)|Bi(nf\|61,n_ij)] = Mc(1 + wyijby) and
Elui(oi(nf) = 0)[Bi(nfl6;, n_4j)] = Ug — ap - A*(By). Player-type n

will therefore cooperate if ﬁjA(Bi) > [Ug — Mc(1 + wijbw)l/ap or in
terms of the extortion parameter e:

AN (B) > [e — wijbwMc]/ap (16)
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By the definition of Ry, and equation 3, nﬁﬁn > max(e, a)/xp, so
both cooperation conditions 15 and 16 are satisfied. Therefore, all n*
types choose o} (nf!) =1 if ﬁ].A(Bi) >nl

Given symmetric payoff structures, a similar logic applies to njA
types who choose an optimal strategy of (nf') = 1 if A{'(Bj) > njy;,,
and cr]?‘(n].A) = 0 otherwise.

]
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